HIGHER ORDER SPREADING MODELS 



S. A. ARGYROS, V. KANELLOPOULOS, AND K. TYROS 



Abstract. We introduce the higher order spreading models associated to a 
Banach space X. Their definition is based on J-'-sequences (xs)sgj^ with a 
regular thin family and the plegma families. We show that the higher order 
spreading models of a Banach space X form an increasing transfinite hierarchy 
{SM^{X))^^^-^ . Each SAi^{X) contains all spreading models generated by 
JF-sequences (xs)sgjr with order of equal to ^. We also provide a study of 
the fundamental properties of the hierarchy. 

1. Introduction 

Spreading models have been invented by A. Brunei and L. Sucheston Jj in the 
middle of 70's and since then have a constant presence in the evolution of the Banach 
space theory. Recall that a sequence (e„)„ in a seminormed space {E, || • ||:») is called 
a spreading model of the space X if there exists a sequence {xn)n in ^ which is 
Schreier almost isometric to (e„)„, that is for some null sequence of positive 

reals we have 
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for every k < ni < . . . < Uk and (ai)f^]^ G [—1, l]'^. We also say that the sequence 
{xn)n which satisfies ([T]) generates (e„)„ as a spreading model. By an iterated 
use of Ramsey's theorem |17) . Brunei and Sucheston proved that every bounded 
sequence in a Banach space X has a subsequence generating a spreading model. 

It is easy to see that any sequence (e„)„ satisfying ([T]) is spreading. The impor- 
tance of the spreading models arise from the fact that they connect in an asymptotic 
manner the structure of an arbitrary Banach space X to the corresponding one of 
spaces generated by spreading sequences. The definition of the spreading model 
resembles the finite representabilitjQ of the space generated by the sequence (e„)„ 
into the space {X, \\ ■ ||). However there exists a significant difference between the 
two concepts. Indeed in the frame of the finite representability there are two classi- 
cal achievements: Dvoretsky's theorem [8^ asserting that i'^ is finitely representable 
in every Banach space X and also Krivine's theorem |l_2j asserting that for every 
linearly independent sequence (x„)„ in X there exists a 1 < p < oo such that £p is 
block finitely representable in the subspace generated by On the other hand 
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A Banach space Y is finitely representable in X if for every finite dimensional subspace F of 
Y and every e > there exists T : F Y bounded linear injection such that ||r|| • < l-|-e. 
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E. Odell and Th. Schlumprecht |15j have shown that there exists a reflexive space 
X admitting no P as a spreading model. Thus the spreading models of a space X 
lie strictly between the finitely representable spaces in X and the spaces that are 
isomorphic to a subspace of X. 

The spreading models associated to a Banach space X can be considered as a 
cloud of Banach spaces, including many members with regular structure, surround- 
ing the space X and offering information concerning the local structure of X in an 
asymptotic manner. Our aim is to enlarge that cloud and to fill in the gap between 
spreading models and the spaces which are finitely representable in X. More pre- 
cisely we extend the Brunel-Sucheston concept of a spreading model and we show 
that under the new definition the spreading models associated to a Banach space 
X form a whole hierarchy of classes of spaces indexed by the countable ordinals. 
The first class of this hierarchy is the classical spreading models. The initial step of 
this extension has already been done in [3] where the class of /c-spreading models 
was defined for every positive integer k. The transfinite extension introduced in 
the present paper requires analogue ingredients that we are about to describe. 

The first one is the J-'-sequences; that is sequences of the form {xa)s(^jr where 
the index set is a regular thin family of finite subsets of N (see Definition 12. 7p . 
Typical examples of such families are the /c-element subsets of N and also the max- 
imal elements of the ^*'*-Schreier family 5^ (see [2]). A subsequence of {xs)s^r is 
a restriction of the J^-sequence on an infinite subset of N, i.e. it is of the form 
{xs)s<^j^\M where F \ M — F r\ [M]<°°. Among others we study the convergence 
of J^-sequences in a topological space (AT, T) ■ In this setting we show that when 
the closure of {xs)s£F in i^^T) is a compact metrizable space then we can always 
restrict to an infinite subset M of N where the subsequence {xs)s!^t\m is subordi- 
nated] that is if J-" = {t G [N]<°° : 3s E F such that t is an initial segment of s} 
then there exists a continuous map : F \ M X with ^p{s) — Xg for every 
s & F \ M (see Definition 15.81 and Theorem IS.lOp . 

The second ingredient is the plegma families which extend the corresponding one 
in [4]. Roughly speaking a plegma family is a sequence (si, . . . ,si) of non empty 
finite subsets of N where the first elements of si, s/ are in increasing order and 
they lie before their second elements which are also in increasing order and so on 
(see Definition 13. Here the plegma families do not necessarily include sets of 
equal size. 

The J^-sequences and the plegma families are the key components for the def- 
inition of the higher order spreading models which goes as follows. Given an F- 
sequence {xs)s^j^ in a Banach space X and a sequence (e„) in a seminormed space 
{E, II • II*) we will say that {xs)sej' generates (e„)„ as an F-spreading model if for 
some null sequence ((5„)„ of positive reals we have 
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for every (ai)jLj € [—1, l]'^ and every plegma family (si)fLj in F with k < minsi. 
Note that the J"-sequences {Xs)seJ' generate a higher order spreading model just 
as the ordinary sequences (a;„)„ do in the classical definition. Moreover since the 
family of all fc-element subsets of N is a regular thin family, the above definition 
extends the classical definition of the spreading model as well as the one of k- 
spreading models given in [4j. 
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Brunel-Sucheston's theorem [6] is extended in the frame of the bounded J-- 
sequences (xs)s^t in a Banach space X. Namely, every bounded J^-sequence in 
X contains a subsequence (xs)s^jr^M generating an J^-spreading model. The proof 
is based on the fact that plegma families with elements in a regular thin family 
satisfy strong Ramsey properties. It is notable that the concept of the J^-spreading 
model is independent of the particular family T and actually depends only on 
the orde]0 of the family J- . Namely, if (e„)„ is an J-'-spreading model then it is 
also a ^/-spreading model for every regular thin family Q with o[^Q) > o{J-). This 
fact allow us to classify all the J-'-spreading models of a Banach space X as an 
increasing transfinite hierarchy of the form {SAA^{X))^^^^. Let's point out that 
the ^-spreading models of X have a weaker asymptotic relation to the space X as 
^ increases to wi. 

The infinite graphs with vertices from a regular thin family and edges the plegma 
pairs is the key for the proof of the above results. Specifically, it is shown that if Q 
and J- are two regular thin families with o{Q) > o{J^) then there exist an infinite 
subset M of N and a plegma preserving map ip : Q \ M ^ F (that is {tf{si), ^{32)) 
is a plegma pair in J- whenever (si,S2) is plegma pair in Q \ M). Moreover, it 
is also shown that such an embedding is forbidden if we wish to go from families 
of lower to families of higher order. More precisely, if o{jF) < o{Q) then for every 
Me [N]°° and ip : T \ M ^ g there exists L £ [M]°° such that for every plegma 
pair (si,S2) in T \ L neither (0(si), (/)(s2)) nor ((/)(s2), is a plegma pair in Q 

(see Theorems 13.161 and 13. ISp . 

The paper is organized as follows. In Section 2 we review some basic facts 
concerning families of finite subsets of N and we define the regular thin families. 
In Section 3 we study the plegma families and their properties. In Section 4 we 
introduce the definition of the higher order spreading models. In Section 5 we 
deal with J^-sequences {xs)sgj^ in a general topological space. Finally, in Section 
6 we study the J-'-sequences which generate several classes of spreading sequences 
as spreading models. In this last section we show that several well known results 
concerning the classical spreading models remain valid in the higher order setting. 
For instance, we show that a subordinated, seminormalized and weakly null J-- 
sequence generates an unconditional spreading model. 

The present paper is an updated version of the first part of [3] . The second part 
which deals with certain examples will be presented elsewhere. 

1.1. Preliminary notation and definitions. By N — {1,2,...} we denote the 
set of all positive integers. Throughout the paper we shall identify strictly increasing 
sequences in N with their corresponding range i.e. we view every strictly increasing 
sequence in N as a subset of N and conversely every subset of N as the sequence 
resulting from the increasing ordering of its elements. We will use capital letters as 
L,M,N, ... to denote infinite subsets and lower case letters as s,t,u, ... to denote 
finite subsets of N. For every infinite subset L of N, [L]<°° (resp. [L]°°) stands for 
the set of all finite (resp. infinite) subsets of L. For an L = {^i < ^2 < ■■•} G [N]°° 
and a positive integer k G N, we set L{k) = Ik. Similarly, for a finite subset 
s — {ni < .. < Tim} of N and for 1 < fc < m we set s{k) = Uk- For an L = {^i < 
h < ■■■} G [N]°° and a finite subset s = {ni < .. < n„i} (resp. for an infinite subset 

''The order of denoted by o{IF) is a countable ordinal which measures the complexity 
(see Section 2 for the precise definition). For example the family of fc-element subsets of N has 
order fc, while the ^*''-Schreier has order o{S^) = uj^ 
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N ^ {m < n2 < ...} of N), we set L{s) = {Z„j } = {L{s{l)), L{s{m))} 

(rasp. L{N) - {Z„,, /„„...} = {L(iV(l)), L(iV(2)), ...}). 

For s G [N]<°° by \s\ we denote the cardinality of s. For L G [N]°° and m e N, 
we denote by [L]™ the set of all s € [L]<°° with \s\ — m. Also for every nonempty 
s e [N]<°° and 1 < fc < |s| we set s\k = {s(l), . . • ,s(fc)} and s|0 = 0. Moreover, 
for s,i g [N]^°°, we write t \— s (resp. i IZ s) to denote that t is an initial (resp. 
proper initial) segment of s. Also, for every s,t G [N]^°° we write t < s if either at 
least one of them is the empty set, or maxt < mins. 

Concerning Banach space theory, although the notation that we follow is the 
standard one, we present for the sake of completeness some basic concepts that 
we will need. Let AT be a Banach space. We say that a sequence (x„)„ in X is 
bounded (resp. seminormalized) if there exists M > (resp. Mi,M2 > 0) such 
that ||a:„|| < M (resp. Mi < \\xn\\ < M2) for all n G N. The sequence {xn)n is 
called Schauder basic if there exists a constant C > 1 such that 



(3) 



< 



C ^ a„ 



for every fc < to in N and ai,...,a„i G M. Finally, we say that (a;„)„ is C- 
unconditional, if for every m G N, _F C {!,... ,to} and ai,...,a„i G M, it holds 
that 



(4) 
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2. Regular thin families 

In this section we define the regular thin families of finite subsets of N and we 
study their basic properties. The definition is based on two well known concepts, 
namely that of regular families traced back to [2] and that of thin families defined 
in [H] and extensively studied in [16] and [13]. 

2.1. On families of finite subsets of N. We start with a review of the basic 
concepts concerning families of finite subsets of N. For a more detailed exposition 
the reader can refer to [5] . 

2.1.1. Ramsey properties of families of finite subsets ofN. For a family J- C 
and L G [N]°°, we set 

(5) T \ {s e J- : s C L} ^ Tn[L]<^. 

Recall the following terminology from [TJ. Let J" C [N]<°° and M G [N]°°. We 
say that T is large in M if for every L G [M]°°, \ L is nonempty. We say that 
T is very large in M if for every L G [M]°° there exists s € such that s C L. 
The following is a restatement ( see jUj) of a well known theorem of C. St. J. A. 
Nash-WiUiams [14 and F. Galvin and K. Prikry [§]. 

Theorem 2.1. Let T C [N]<°° and M G If T is large in M then there exists 

L G [A/]°° such that J- is very large in L. 
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2.1.2. The order of a family of finite subsets ofN. Let C be a nonempty 
family of finite subsets of N. The order of J-" C [N]^°° is defined as follows (see also 
|16)). First, we assign to J- its (C —)closure, i.e. the set 

(6) 7"= {t e [N]<°° : 3s e J" with t C s}, 

which is a tree under the initial segment ordering. If T is ill-founded (i.e. there 
exists an infinite sequence (s„)„ in T such that s„ IZ s„+i) then we set o{J-) = uJi. 
Otherwise for every maximal element s of we set o^(s) = and recursively for 
every s in we define 

(7) o^{s) = sup{o^(t) + 1 -.t e T and s C t}. 

The order of T denoted by o{J-) is defined to be the ordinal o^(0). For instance 
o({0}) = and o{[N]^) = k, for every fc e N. 
For every rt G N, we define 

(8) J^(„) = {s e [N]<°° : n < s and {njUse T}, 

where n < s means that either s — or n < mins. It is easy to see that for every 
nonempty family C we have that 

(9) o(J-) = sup{o(J-(„)) + 1 : n e N}. 

2.1.3. Regular families. A family 7?, C [N]^°° is said to be hereditary if for every 
s E J- and i C s we have that t E J- and spreading if for every ni < ... < and 
mi < ... < rrik with ni < mi, rik < m^, we have that {mi, m/j} G TZ whenever 
{ni,...,nfe} e 7?.. Also TZ is called compact if the set {xs G {0,1}^ : s e 7?.} of 
characteristic functions of the members of TZ, is a closed subset of {0, 1}^ under the 
product topology. 

A family TZ of finite subsets of N will be called regular if it is compact, hereditary 
and spreading. Notice that for every regular family TZ, TZ — TZ and 7?.(„) is also 
regular for every n G N. Moreover, using equation ([9|) and by induction on the 
order of TZ we easily get the following. 

Proposition 2.2. Let TZ be a regular family. Then o{TZ \ L) — o{TZ), for every 
L e [N]°°. 

Exploiting the method of [TO] we have the next result. 

Proposition 2.3. For every ^ < cji there exists a regular family TZ^ with o{TZ^) =^ ^. 

Proof. For ^ = we set TZq ~ {0}. We proceed by induction on ^ < oji. Assume 
that for some ^ < wi and for each ^ < ^ we have defined a regular family TZq with 
o{TZq) = C- If ^ is a successor ordinal, i.e. ^ = C + 1, then we set 

TZ^ = Us: rt G N, s G 7^<; and n < s|. 

If ^ is a limit ordinal, then we choose a strictly increasing sequence (Cn)ri such that 
Cn — > £, and we set 

= (J |s e TZq^^ : mins > n| = |J7^(;„ \ [n,+oo). 

71 71 

It is easy to check that TZ^ is a regular family with o{7Z^) — ^ for all ^ < wi. □ 
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We will need some combinatorial properties of regular families. To this end we 
give the following definition. 

For every 7^ C [N]<°° and L e [N]°°, let 

(10) L{n) = {L{s) : sen}. 

Notice that o{TZ) = o{L{TZj) and if TZ is compact (resp. hereditary) then L{TZ) is 
also compact (resp. hereditary) . It is also easily verified that if TZ is spreading then 
Li{TZ) C ^2(7?.), for every Li C L2 in [N]°° and more generally, 

(11) ^l(7^(fe)) c L2(7^(fe)), 

for every k eN and ^1,^2 e [N]°° satisfying {Li{j) : j > k} <Z {L2{j) : j > k} 
(where L{TZ,^k)) = {Hs) ■ s e 7^(^;)}). 

Proposition 2.4. Let TZ,S be regular families of finite subsets of N with o{TZ) < 
o{S). Then for every M G there exists L G [A/]°° such that L{n) C S. 

Proof. If 0(7?.) = 0, i.e. TZ = {0}, then the conclusion trivially holds. Suppose that 
for some ^ < uji the proposition is true for every regular families TZ',S' C [N]*^"" 
such that 0(7^') < ^ and o{TZ') < o{S'). Let TZ, S be regular with o{TZ) = ^ and let 
M e [N]°°. By equation ^ we have that o(7^(l)) < o{TZ). Hence o(7^(l)) < o{S) 
and so there is some S N such that o(7^(i)) < o(iS(;j^)). Since S is spreading 
we have that o(iS(;j)) < o(sS(„)) for all n > li and therefore we may suppose that 
h G AI. Since and are regular families, by our inductive hypothesis there 
is Li G [M]°° such that Li(7^(i)) C Sf^i^y 

Proceeding in the same way we construct a strictly increasing sequence {lj)j in 
M and a decreasing sequence M ^ Lq D Li D ... oi infinite subsets of M such that 
(i) Ij+i G Lj, (ii) Ij+i > Lj{j) and (iii) Lj{TZ(j)) C for aU j > 1. 

We set L = {lj}j and we claim that L{TZ) C 5. Indeed, by the above construction 
we have that for every A: G N, {L{j)}jyk ^ {Lk{j)}j>k- Therefore by (fTTj) and (iii) 
above, we get that 

(12) L(7^(,)) CLfe(7^(fe)) C5(,,). 

It is easy to see that L{TZ^k)) — L{TZ)(i^) and so by we have that L(7?.)(/^) C 
iS(;j^). Since this holds for every fc G N, we conclude that LiJZ) C S. □ 

The next corollary is an immediate consequence. 

Corollary 2.5. Let TZ,S be regular families of finite subsets of N with o{TZ) = 
o{S). Then for every M G [N]°° there exists L G [M]°° such that L{TZ) C S and 
L{S) C TZ. 

2.1.4. Thin families. A family T of finite subsets of N is called thin if there do not 
exist s,t in such that s is a proper initial segment of t. The following result is 
contained in [M] and [16]. Since it plays a crucial role in the sequel for the sake of 
completeness we present its proof. 

Proposition 2.6. Let J- C [N]^°° be a thin family. Then for every finite partition 
F = U^^iJ",, (k > 2) of F and every M G [N]°° there exist L G [Af]°° and 
1 < io !i ^ such that J- \ L e Ti^ . 

Proof. It suffices to show the result only for fc = 2 since the general case follows 
easily by induction. So let = J^i U J-2 and M G Then either there is 

L G \M\°° such that T\ f i = or J^i is large in M. In the first case it is clear 
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that I" L C J^2 ■ In the second case by Theorem 12.11 there is L G [M ] °° such 
that J^i is very large in L. We claim that \ L C J'l. Indeed, let s ^ T \ L. 
We choose N e [L]°° such that s n N and let t □ such that t e J^i. Then 
s,t are C-comparable members of J- and since J- is thin s = t ^ J-i. Therefore 
T\LCTi. □ 

2.2. Regular thin families. We are now ready to introduce the main concept of 
this section. 

Definition 2.7. A family T of finite subsets ofN will be called regular thin if (a) 
J- is thin and (b) the Q-closure J- of T is a regular family. 

The next lemma allow us to construct regular thin families from regular ones. 
We will use the following notation. For a family TZ C [N]^°° we set 

(13) 7V/^(7^) = {s e 7^ : s is □ -maximal in 11} . 

Notice that a family F C [N]<°° is thin if and only \i T = M{F). 

Lemma 2.8. Let TZ be a regular family. Then the family A4(TZ) is thin and satisfies 
Min) = n. Therefore M(n) is regular thin with o{M(n)) = o(7^). 

Proof. Since M{Tl) C TZ and TZ is hereditary, we have that Ai{TZ) C TZ. To show 
that TZ C Jli{TZ) notice that for every s G TZ there exists a. t G M{TZ) such that 
s C i, otherwise TZ would not be compact. Hence M{TZ) — TZ and clearly A4{TZ) is 
thin. Thus J^{TZ) is regular thin. Finally, by the definition of the order, we have 

o(X(7^)) = o{M(TZ)) and hence o{M{TZ)) = o{TZ). □ 

Corollary 2.9. For every ^ < uji there is a regular thin family J-(^ with o{J-^) — ^. 

Proof. Let ^ < wi and TZ^ be a regular family with o{TZ^) — ^. Then — M{TZ{) 
is as desired. □ 

Corollary 2.10. The map which sends J- to J- is a bijection between the set of 
all regular thin families and the set of all regular ones. Moreover, the inverse map 
sends each regular family TZ to M{TZ). 

Proof. By the definition of regular thin families, the map T ^ J- sends each regular 
thin family to a regular one. By Lemma 12.81 we get that the map is 1-1, onto and 
the inverse map sends each regular family TZ to M^(JZ). □ 

Remark 1. If is a regular thin family with o(J^) ~ k < uj, then it is easy 
to see that there exists no such that F \ [no,oo) = {s e [N]'' : mins > no}. 
Therefore, for each k < oj, the family [N]*"' is essentially the unique regular thin 
family of order k. However this does not remain valid for regular thin families of 
order S, > to. For instance for every unbounded increasing map / : N — >■ N the 
family = {s G : \s\ = /(mins)}, is a regular thin family of order uj. 

Lemma 2.11. LetTZbea regular family and L e Then M{TZ) \ L = M{TZ \ 

L) and setting M = M{TZ), M~\~L = TZ \ L and o{M \ L) = o{TZ). 

Proof. It is easy to see that M.{TZ) \ L <Z M.[TZ \ L). To show the converse 
inclusion lei s & MiTZ \ L) and assume that s ^ MiJZ). Since TZ I L C_ TZ, s € TZ 
and therefore there exists some t G M{TZ) with set. Since TZ is spreading this 



8 



S. A. ARGYROS, V. KANELLOPOULOS, AND K. TYROS 



yields that exists t' E TZ \ L with s C i'. Thus s ^ M{Tl \ L), a, contradiction. 
Therefore s G Mill). Since s e [L]<°°, we have that s e M{n) \ L. Therefore 
Min \ L) = M{n) \L. 

Since J\A \ L = M.{TV} \ L Q TZ \ L and TZ \ L \s hereditary, we have that 
M \ L C TZ \ L. Conversely, let s E TZ \ L. Since TZ \ L is compact there is 
t e M(TZ \ L) = M{TZ) \ L with s C <. Hence s e and mTl = TZ\ L. 

Finally, o{M \ L) = o{M~\~L) = o{TZ \ L) = o{TZ), where the last equality 
follows by Proposition [2T2] □ 



Corollary 2.12. Let be a regular thin family and L G . Then J- \ L = 
M{T \ L), tJl = T \ L and o{T \ L) = o{F). 

Proof. Since J- is thin we have that J- — M{J-). Setting TZ — J- vn. Lemma [2.111 
the result follows. □ 

Corollary 2.13. Let J- be a regular thin family. Then for every M G [N]°° there 
exists L G [M]°° such that J- \ L is very large in L. 

Proof. If J- is regular thin then since J- is spreading, f is nonempty for every 
iV G [N]~. Since F \ N = fJn , we get that T \ N is nonempty too, i.e. F is 
large in N. Therefore, by Theorem O for every M G [N]°° there exists L G [M]°° 
such that J- \ L is very large in L. □ 

Definition 2.14. For two families T of finite subsets ofN, we write J- ^ G 
(resp. J- \Z Q) if every element in T has an extension (resp. proper extension) in 
G and every element in G has an initial (resp. proper initial) segment in J- . 

The following proposition is a consequence of a more general result from [lOj . 

Proposition 2.15. Let J-',G Q [N]^°° be regular thin families with o{F) < o{G). 
Then for every M G [N]°° there exists L G [M]°° such that T \ LnG \ L. 

Proof. By Corollarv 12 . 131 we have that there exists Li G [M]°° such that both T, G 
are very large in Li. So for every L G and every t E G \ L there exists 

s E J- \ L such that s, t are comparable. 

Let Gi be the set of all elements of G which have a proper initial segment in J- 
and G2 = G \ Gi. By Proposition 12.61 there exist io G {1,2} and L G [Li]°° such 
that G \ L C Gio- It suffices to show that «o = 1- Indeed, if = 2 then for every 
t £ G \ L there is s G J-" such that t □ s. This in conjunction with Corollarv 12. 121 
yields that o{G) ~ o{G \ L) < o{T) which is a contradiction. □ 

A similar but weaker result holds when o(J-) — o(G). 

Proposition 2.16. Let J^,G Q be regular thin families with o{T) = o{G). 

Then there exists Lq G [N]°° such that for every M G [N]°° there exists L G 
[Lo(Af )]°° such that Lq{T) \ L \Z G \ L. 

Proof. By Proposition El there exists Lq G such that Lq{F) C Q- Let 

M G Notice that Lq{F) and G are large in Lq{M). Hence by Theorem 

12.11 there exists L G [Lq{M)\°° such that Lq{F) and G are very large in N. Since 
Lo{?) C G, we conclude that Lo{T) \ L \= G \ L. □ 

Technically the above two propositions are incorporated in one as follows. 
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Corollary 2.17. LetF,Q C he regular thin families witho{T) < o{Q). Then 

there exists Lq e [N]°° such that for every M e there exists L £ [Lo{M)]°" 

such that Lq(J-) \ L \Z Q \ L. 

Proof If o{T) < o{g), we set Lq = N. Then Lo{T) = T and Lo{M) = M and the 
conclusion fohows by Proposition 12.151 If o(J^) = 0{Q) the result is immediate by 
Proposition 12.161 □ 

3. Plegma families 

In this section we introduce the notion of plegma families initially appeared in 
[?j for /c-subsets of N. Here we do not assume that the members of a plegma family 
are necessarily of the same cardinality. 

3.1. Definition and basic properties. We begin by stating the definition of a 
plegma family. 

Definition 3.1. Let I e N and Si,...,s; be nonempty finite subsets of N. The 
I— tuple {sjYj^i will be called a plegma family if the following are satisfied. 

(i) For every i,j £ {1, ■■■,1} and k eN with i < j and k < min(|s.i|, \sj\), we 
have that Si{k) < Sj{k). 

(ii) For every i,j e {1, ...,/} and fc G N with k < min(|si|, \sj \ — 1), we have 
that Si{k) < Sj{k + 1). 

For instance a pair ({ni}, {^12}) of singletons is plegma iff rii < 712 and a pair of 
doubletons ({ni,mi}, {n2,m2}) is plegma iff ni < n2 < mi < m2. More generally 
for two non empty e [N]^°° with \s\ < \t\ the pair {s,t) is a plegma pair iff 
s(l) < t{l) < s(2) < t{2) < ... < s{\s\) < t{\s\). Of course the situation is more 
involved when the size of a plegma family is large. 

Below we gather together some stability properties of plegma families. We omit 
the proof as it is a direct application of the definition. 

Proposition 3.2. Let {sjYj^-^ be a family of finite subsets of N. Then the following 
are satisfied. 

(i) // (sjYj^i is a plegma family then (sj„)m=i is also a plegma family, for 
every I < k < I and 1 < Ji < . . . < Jfc < Z. 

(ii) The family {sjYj^i is a plegma family iff {sj^jSj^) is a plegma pair, for 
every I < ji < 32 <l- 

(iii) If {sjYj=i is a plegma family then {tjYj^i is also a plegma family, whenever 
^tj Sj for l<j<l. 

(iv) // {sjYj^i is a plegma family then {L{sj)Yj^i is also a plegma family, for 
every L e [N]°°. 

For every family 7^ C [N] and / e N we denote by Plm; [T) the set of all {sj Yj=i 
such that si,...,Si G F and {sjYj^i is a plegma family. We also set Plm(J^) — 
yJiLi Pliiii(J-'). Our mai aim is to show that for every I e N, V\mi{F) is a Ramsey 
family. To this end we need some preparatory lemmas. 

Lemma 3.3. Let J- be a regular thin family and I £ N. Then for every {sjYj^i £ 
Plmi{J-) we have that \si \ < ... < |s;|. 
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Proof. By (ii) of Proposition [3T2] it suffices to show the conclusion for / = 2. Assume 
on the contrary that there exists a plegma pair (si, S2) in J" with |si| > |s2|. We pick 
s G [N]"^°° such that \s\ = \si\, S2 □ s and s{\s2\ + 1) > maxsi. By the definition 
of the plegma family, we have that for every 1 < k < \s2\, si{k) < S2{k) = s{k). 
Hence, for every 1 < fc < |si|, we have that si(k) < s{k). By the spreading property 
of J- we get that s & T . But since S2 is a proper initial segment of s we get that 
S2 J', which is a contradiction. □ 

Lemma 3.4. Let J- he a thin family of finite subsets of N and I G N. Let 
(Sj)^=i,(ij)'=i Plmi{F) with \si\ < ... < \si\, \ti\ < ... < \ti\ and uj^iS^ C 
U^-^]^tj. Then (sj)'=i = {tj)'j=i a^c' consequently u'-^j^Sj — U'j^itj. 

Proof. Suppose that for some I < m < I we have that (si)i<,n = (ti)i<m- We will 
show that Sm = tm- Let s — Uj-^,„Sj and t = u'^„jtj. Then by our assumptions 
s C Moreover since \sm\ < ■ ■ • < and \t,n\ < ... < we easily conclude 
that Sm{j) — s((j — 1)(^ — rn + 1) + 1), for all 1 < j < |s,„| and similarly tm{j) — 
t[{i — \){l — m + 1) + 1), for all 1 < j < \tm\- Hence, as s C t, we get that for all 
1 < j < min{|tm|, |sm|}, SmU) — tmU)- Therefore Sm and tm are C-comparable. 
Since J- is thin we have s„i = tm. By induction on 1 < m < Z, we obtain that 
Sj = tj for every 1 < j < I. □ 

Theorem 3.5. Let M be an infinite subset of N, I E N and J- be a regular thin 
family. Then for every finite partition Plmi(J- \ M) — U^^^Vi, there exist L G 
[M]°° andl<io<p such that Plmi{T \ L) C Viq. 

Proof Let U = {U^-^iS^ : (sj)'=i e Plm,(J' \ M)}. By Lemmas [S3] and [SH we 
get that U is thin and the map $ : Plm/(J^ \ M) U sending each plegma Z-tuple 
with Si € F \ M for 1 < i < Z, to its union U^-^j^Sj, is an onto bijection. We 
set Ui — ^{Vi), for 1 < j < p. Then U = U^^iUi and by Proposition 12.61 there exist 
jo and L e [M]°° such that U \ L C.^^ Uig or equivalently Plm/(J^ \ L) C Vj^. □ 

3.2. Plegma paths. In this subsection we introduce the definition of the plegma 
paths in finite subsets of N and we present some of their properties. Such paths 
will be used in the next subsection for the study of plegma preserving maps. 

Definition 3.6. Let A: G N and sq, ...,Sk be nonempty finite subsets ofN. We will 
say that (sj)^=o is a plegma path of length k from sq to Sk, if for every < j < k—1, 
the pair (sj,Sj-|_i) is plegma. Similarly, a sequence {sj)j of nonempty finite subsets 
of N will be called an infinite plegma path if for every j G N the pair (sj,Sj+i) is 
plegma. 

The next simple lemma is very useful for the following. 

Lemma 3.7. Let (sq, . . . , Sk~i, s) be a plegma path of length k from sq to s such 
that So < s. Then 

k > min{|si| : < z < A: - 1}. 

Proof. Suppose that k < min{|si| : < i < k - I}. Then s(l) < Sfe_i(2) < 
•Sfc-2(3) < . . . < si(fc) < SQ(k + 1), which contradicts that sq < s. □ 

For a family C [N]^°° a plegma path in is a (finite or infinite) plegma path 
which consists of elements of J-. It is easy to verify the existence of infinite plegma 
paths in whenever is very large in an infinite subset L of N. In particular, let 
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s J- \ L satisfying the next property; for every j = l,...,|s| — 1 there exists / G L 
such that s{j) < I < s{j + l). Then it is straightforward that there exists s' E J- \ L 
such that the pair (s, s') is plegma and moreover s' shares the same property with 
s. Based on this one can buih an infinite plegma path in J- of elements having the 
above property. 

The above remarks motivate the following definition. For every !F C and 
L e [N]°°, we set 

(14) T \\ L=\seT \ L:\ll<j <\s\-l3l<EL with s{j) < I < s(j + 1)|. 

The proof of the next lemma follows the same lines with the one of Lemma [2. Ill 

Lemma 3.8. Let J' be a regular thin family and L e . Then T \ \ L = F \ \ L, 
i.e. s \\ L iff s is ^-maximal in F \\ L. 

We are now ready to present the main result of this subsection. In terms of graph 
theory it states that in the (directed) graph with vertices the elements of J- \ \ L 
and edges the plegma pairs (s,t) in W L, the distance between two vertices sq 
and s with sq < s is equal to the cardinality of sq. 

Theorem 3.9. Let J- be a regular thin family and L G Assume that J- is 

very large in L. Then for every Sq, s E J- \ \ L with Sq < s there exists a plegma 
path (so, ■ ■ ■ , s) in T \ \ L of length k = \so\ from sq to s. Moreover k = |so| 
is the minimal length of a plegma path in T \ \ L from sq to s. 

Proof. By Lemmas 13.71 and 13.31 every plegma path in J- from sq to s is of length 
at least |so|. Therefore for sq < s a plegma path of the form (sg, . . . , Sfe_i, s) with 
So, Sfe_i, s G J- and k = \so\ certainly is of minimal length. 

We will actually prove a slightly more general result. Namely we will show that 
for every t in \ \ L and s € J- \ \ L with t < s there exists a plegma path of length 
\t\ from t to s such that all its elements except perhaps t belong to \ \ L. 

For the proof we will use induction on the length of t. The case |t| = 1 is trivial, 
since for every s G [N]^°° with t < s the pair {t,s) is already a plegma path of 
length 1 from t to s. Suppose that for some fc G N the above holds for all t in 
T \ \ L with \t\ = k. 

Let t e T \\ L with |<| = fc + 1 and s e \\ L with t < s. Then there 
exist ni < ?T.2 < . . . < n^+i in N such that nj — rij-i > 1, for 2 < j < k and 
t = {L{nj) : I < j < k + 1}. We set to = {L{nj - 1) : 2 < j < fc + 1}. 
Since Uj — I > 7ij-i we have that to is of equal cardinality and pointwise strictly 
greater than t \ {max t}. Hence, since J- is spreading, we have to E J- \\ L and 
moreover to cannot be a C-maximal element of J-" \ \ L. By Lemma l3.8l we have that 
J- \ \ L is the set of all C-maximal elements of W L. Therefore, we conclude that 
to G J-\J-. Thus, since j^ol = k, by the inductive hypothesis, there exists a plegma 
path (^0, si, . . . , Sfc-i, s) of length k = \to\ from to to s with all si, . . . , Sk-i, s in 
^\]L. 

Let I = \si\. Since {to, si) is a plegma pair with to G F\T and si G arguing 
as in Lemma [3.31 we see that / > fc + 1. Moreover since si G \ \ L, there exist 
TOi < . . . < TO; in N such that mj — TOj_i > 1 and si — {L{mj) : I < j < I}. Notice 

that 712 ^ fTT-l < ri3 < TO2 < ... < Uk < TOfe_l < TOfc+l — 1. 

We set w = toU {L{mj — 1) : fc + 1 < j < and let L' G such that w is an 
initial segment of L' . Notice that \w\ — I. Since T is very large in L there exists 
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So E J- with So initial segment of L' . Using again that J- is spreading it is shown 
that I to I < I So I < I and therefore to \Z so Q w. 

It is easy to check that (t, sq) and (so, si) are plegma pairs. Hence the sequence 
(t, So, . . . , Sfe_i, s) is a plegma path of length k + 1 from t to s with so, . . . , Sk-i, s G 

\ \ L. The proof of the inductive step as well as of the theorem is complete. □ 

We close this section by presenting an application of the above theorem. We 
start with the following definition. 

Let X be a set, M 6 J" C [N]<°° and ip : T ^ X . We will say that ip is 

hereditarily nonconstant in M if for every L e [Af]°° the restriction of 1^9 on f L is 
nonconstant. In particular if Af = N then we will simply say that ip is hereditarily 
nonconstant. 

Lemma 3.10. Let J- be a regular thin family, X be a set and ip : J- ^ X be 

hereditarily nonconstant. Then for every N [N]°° there exists L G [N]°° such 
that for every plegma pair (si, S2) in J- \ L, </j(si) 7^ ¥'(s2). 

Proof. By Theorem 13.51 there exists an L G [N]°° such that either tp{si) ^ p{s2), 
for all plegma pairs (si, S2) in .F \ L, or ip{si) = (p{s2) for all plegma pairs (si, S2) in 
F \ L. The second alternative is excluded. Indeed, suppose that (p(si) = ^{82), for 
every plegma pair (si, S2) in T \ L. By Corollarv l2 . 1 31 we may also assume that T \ 
L is very large in L. Let sq be the unique initial segment of Lo = {L(2p) : p G N} in 
F \ L&nd let k = \so\. We set Lf, = {L{2p) : p G N and p > fc}. By Thcorcm[3l]for 
every s E J- \ L'q there exist a plegma path (so, si, . . . , Sk-i, s) of length kinF\ L. 
Therefore for every s G t Lq we have that p{s) = p{sk-i) = . . . = p{si) = <yj(so), 
which contradicts that p is hereditarily nonconstant. □ 

Proposition 3.11. Let T be a regular thin family, M G [N]°° and ip : ^ N be 
hereditarily non constant in M . Let also g : N — ^ N. Then there exists N G 
such that for every plegma pair (si,S2) in J- \ N, ip{s2) — p>{si) > g{n), where 
mins2 = N{n). 

Proof. By Theorem 13.51 there exists L G [M]°° such that one of following holds. 

(i) For every plegma pair (si, S2) \n J- \ L, we have (p(si) = ^{s2)- 

(ii) For every plegma pair (si, S2) \n J- \ L, we have Lp{si) > p{s2). 

(iii) For every plegma pair (si,S2) in T \ L, we have p{si) < p{s2)- 

Since ip is hereditarily non constant in M , by Lemma 13.101 case (i) is excluded. 
Similarly case (ii) cannot occur since otherwise, {p{sn))n would form a strictly 
decreasing sequence in N whenever (s„)„ is an infinite plegma path in \ L. 
Therefore, case (iii) holds. We choose N G [L]°° such that for every n > 2, we have 
that 



Let (si, S2) be a plegma pair in |" and let n G N such that mins2 = N{n). 
Notice for every 1 < k < \si\, we have 





Similarly for every |si| < k < |s2|, we have 



I eL: S2(fc -I) <l < S2ik)\ > g{n). 
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The above yield that there exist ti, . . . , tg(n) <E J- \ L such that the {g{n) + 2)-tuple 
{si,ti, . . . ,tg(„), S2) is plegma. Hence ip{s2) - V?(si) > gin). □ 

Corollary 3.12. Let F he a regular thin family, M £ and ip : N be 

hereditarily non constant in M . Then there exists N e such that for every 

plegma pair (si, S2) in T \ N we have (p{s2) — > 1- 

3.3. Plegma preserving maps. Let T C [N]<°° and (p : T ^ [N]<°°. We will 
say that the map ip is plegma preserving if {ip{si), ^{32)) is a plegma pair whenever 
(si, S2) is a plegma pair in T. 

Lemma 3.13. Let T C [N]*^"" and p : T ^ Lf Lp is plegma preserving then 

for every I £ N and (sjYj^i £ Plm(J^) we have that (<(5(sj))j-=i is a plegma l-tuple. 

Proof. Let I £ N and be a plegma ^tuple in T. Then for every 1 < ji < 

j2 < I we have that (sjuS^v,) is plegma and thus (sp{sji),'p{sjr^)) is plegma. Hence, 
by (ii) of Proposition [3?2l (<(2(sj))j=i is a plegma Z-tuple. □ 

Proposition 3.14. Let F he a regular thin family and (p : J- ^ [N]°°. Then for 
every M £ there is L £ [A/]°° such that exactly one of the following holds. 

(i) The restriction of ip on T \ L is plegma preserving. 

(ii) For every (si,S2) G Plm2{F \ L) neither {ip{si) , ip{s2)) nor ((^(§2), (p(si)) 
is a plegma pair. 

Proof. Assume that there is Af £ \H]°° such that for every L £ [Af]°° neither (i) 
nor (ii) holds true. Then by Theorem 13.51 there exists L £ [M]°° such that for 
every (si,S2) G Plm2(J" |~ A^) we have that (1^9(32), 1^3(31)) is plegma. But this 
is impossible. Indeed, otherwise for an infinite plegma path (s„)„ in T \ N the 
sequence (mins„)„ would form a strictly decreasing infinite sequence in N. □ 

For a family 7^ C [N]^°° and a plegma preserving map (ys : — > [N]^°° we will 
say that p is normal provided that |(/3(si)| < |(^(s2)| for every plegma pair (si,S2) 
in and \p>{s)\ < |s| for every s € F. 

Theorem 3.15. Let F he a regular thin family, M £ and p> : F \ M ^ [N]<°° 

he a plegma preserving map. Then there exists L £ [Af]°° such that the restriction 
of p on F \ L is a normal plegma preserving map. 

Proof. By Theorem [331 there exists TV £ [M]°° such that either (a) \p){si)\ < 
(^(52)1, for every plegma pair (si,S2) in f TV, or (b) |t/5(si)| > |(/9(s2)|, for every 
plegma pair (si,S2) in F \ N . Alternative (b) cannot occur since otherwise for an 
infinite plegma path (s„)„ in f A^ the sequence (|</3(sn)|)n would form a strictly 
decreasing sequence in N. By Theorem 12.61 there exists L £ [N]^ such that either 
(c) \p}{s)\ < |s|, for every s & F \ L, ov (d) \p{s)\ > \s\, for every s e F \ L. We 
claim that (d) cannot hold true. Indeed, since p on F |" L is plegma preserving, 
using a plegma path of enough large length, we may choose so,s in W L such 
that minso < mins and niinip(so) < min(p(s). Let fcg = |so|- Then by Proposition 
13.91 there exists a plegma path (si)*5^Q in \ \ L from sq to s = Sko of length fco- 
By Lemma [5. 131 f(j?fs,))f_g_Q is also a plegma path of length ko from p{sq) to p{sko) 
and by Lemma [3. 71 we have that 

(15) min{|(^(s,)| : < i < fco - 1} < fco- 
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Moreover by Lemma [3?4j we have |so| < < ... < |sfco|. Hence if (d) holds true 
then 

(16) mm{\(p{si)\ : < i < fco - 1} > min{|si| : < i < ko - 1} > kg, 

which contradicts p^ . 

Therefore we conclude that (a) and (c) hold true i.e. the restriction of ip on 
I" L is a normal plegma preserving map. □ 

3.4. Plegma preserving maps between thin families. In this subsection we 
are concerned with the question of the existence of a plegma preserving map ip : 
C/ — ?> J^, where G and T are regular thin families. We shall show that such maps 
exist only when o{Q) > o{J-). We start with the positive result. 

Theorem 3.16. Let T , Q be regular thin families with o{T) < o{Q). Then for every 
M G [N]°° there is N E and a plegma preserving map (p : Q f iV — > \ M. 

Moreover, for every I G N and t d Q \ N, if mint > N(l) then miinp{t) > M{1). 

Proof Let M e By CoroUaryEHlthere exists Lq G [N]°° and N e [Lo(M)]°° 

such that Lq{!F) \ N \— Q \ N . Thus for every t E Q \ N there exists a unique 
St € J- such that Lo{st) C t. Moreover, io(st) Q t C N C Lq{M) and therefore 
St C M. We define p : G \ N ^ T \ M,hy setting Lp{t) = st. To see that ip 
is plegma preserving, let (ii,i2) be a plegma pair in G \ N. Then Lo{p{ti)) □ ti, 
for i G {1,2} and therefore by (iv) of Proposition 13.21 (Ln(p(ti ). (Lndoit-y) ) and 
{p(ti), ip{t2)) are also plegma pairs. Hence p is plegma preserving. 

Finally, let ^ G N and teG\N with mint > N{1). Since Lo{p{t)) C t, we have 
that min LQ{(p(t)) = mint and therefore Lo(niinp{t)) = min Lo(<yj(t)) = mint > 
N{1) > LoiM){l) = Lo{M{l)). Hence niinip{t) > M{1). □ 

For the following we shall need the next definition. Let C and L G [N]°°. 



It is easy to see that for every family C [N]<°° and L G the following are 
satisfied. 

(a) If J- is very large in L then the family L~^{F) is very large in N. 

(b) If J- is regular thin then so does the family L^^(J^). 

(c) o{L^^{F)) = o{F \ L). In particular if F is regular thin then o(L^^(J^)) = 



Lemma 3.17. Let T be a regular thin family, L G such that T is very 

large in L. Let ip> : J- \ L ^ [N]^°° be a normal plegma preserving map. Let 
Ip : L~^{F) — >■ defined by ipiu) = p{L{u)) for every u G L~^{F). Then Tp is 

a normal plegma preserving map which in addition satisfies the following property. 
Lf u E L^^{T) \ \ N and w = ip{u) then u{i) < w{i) for every I < i < \w\. 

Proof. It is easy to check that i/j is a normal plegma preserving map. Therefore we 
pass to the proof of the property of tJj. First, by induction on A: = u(l), we shall show 
that u(l) < '0(m)(1), for aU u G L-^{T) \ \ N. Indeed, if ■u(l) 1 then obviously 
fp{u){l) > 1 = u{l). Suppose that for some /c G N and every u G L^^{T) \ \ N with 
u{l) = kwe have that i/'i(u)(l) > k. Let u G \\ N with u(l) = fc+ 1. Since 

L^^{J-) is regular thin and very large in N, we easily see that there exists a unique 
u' G L^^{F) with u' C {u{p) — 1 : 1 < p < Notice that (u', u) is a plegma pair 



We define 



(17) 




o{F). 
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in L ^{J-) and u'[l) — k. Since is a normal plegma preserving map we have that 
{ip{u'),i(;{u)) is also a plegma pair. Hence ip{u){l) > ip{u'){l) > u'{l) = k, that is 
4>{u){l) >k + l = 

Suppose now that for some i e N and every u £ L^^{J-) ]\ N with i < \^p{u)\, 
u{i) < tp{u){i). Let u e L^^{T) tl" N with i + 1 < Since L"i( J") is very large 

in N, there exists u' e L-^{T) \\ N such that {u{p) -l:2<p< \u\} C u' . Observe 
that (u, It') is plegma pair in L^^{J-'), \u\ < \u'\ and u{i + 1) = u'{i) + 1- Since iJj is 
normal plegma preserving, we have that (iplu), ^p{u')) is also a plegma pair and in 
addition j+1 < \tp{u)\ < \ip{u')\. Hence, 'i{}{u){i+l) > ip{u'){i) > u'{i) = it(i+l)-l, 
that is 'ip{u)(i + 1) > u{i + 1). By induction on z G N the proof is complete. □ 

Theorem 3.18. Let Q he regular thin families with o{F) < o{Q) and M G [N]°° . 
Then there is no plegma preserving map from J- \ M to Q . More precisely for every 
M £ [N]°° and ip : T \ M ^ G and there exists L G [M]°° such that for every 
plegma pair (si,S2) in J- \ L neither (0(si), 0(s2)) nor {(j}{s2),4'{si)) is a plegma 
pair. 

Proof. Assume that there exist M G and (p : \ M ^ Q such that if is plegma 
preserving. By Theorem 13.151 there exists L G [M]°° such that the restriction of 

on I" L is a normal plegma preserving map. By Corollary 12.131 we may also 
assume that T is very large in L. Since o{L^^{T)) — o{T) < o{Q) by Proposition 
[2T5l we have that there exists N G [N]°° such that \ N nG \ N. We may 

assume that N{i + 1) - N{i) > 1 and therefore L'^iT) \ N C i^^-^) W N. Let 
ij : L-\J-) [N]<°° defined by ip{u) = ipiL{u)) for every u G L-^iJ"). 

Pick uo G L-'^{T) \ N and set wq = ■(/'(uq). Since L'^i^) \ N \Z G f iV, we 
have that uq £ G \ G and since ip takes values in t/, we have that wq £ G- We are 
now ready to derive a contradiction. Indeed, by Lemma 13.171 we have that ip is 
a normal plegma preserving map which implies that |wo| < |mo|- Moreover, since 
L-'^iT) \ N C L-^{T) rr N, we have that uq G \\ N. Hence, again by 

Lemma 13.171 we get that uo(i) < wo{i), for every 1 < i < \wq\. Summarizing we 
have that uq £ G \ G, |w;o| ^ I'^'ol smd uo{i) < 'Wo{i), for every 1 < i < \wo\. Since G 
is spreding we conclude that wq £ G \ G, which is impossible. Therefore there is no 
M £ [N]°° and cp : J- \ M G such that (p is plegma preserving. By Proposition 
IXTil we get that for every M £ [N]°° and ip : T \ M G there is L G [M]°° such 
that for every plegma pair (si, S2) in J-" |" L neither {(f>{si), 0(s2)) nor (0(s2), '/'(■si)) 
is plegma. □ 

4. The hierarchy of spreading models 

In this section we define the class of the ^-spreading models of a Banach space 
X for every countable ordinal 1 < ^ < wi. The definition is a transfinite extension 
of the corresponding one of the finite order spreading models given in |4i . The 
basic ingredients of this extension are the concepts of the J^-sequences in X , i.e. 
sequences of the form {xs)seT with Xs £ X for every s £ J- and the plegma families 
with members in T where is a regular thin family. 

4.1. The J^-spreading models of a Banach space X. Let X be a Banach space 
and T C [N]^°° be a regular thin family. By the term J- -sequence in X we will 
mean a map tp : T X. An J^-sequence in X will be usually denoted by {xs)si^F, 
where Xs — ip{s) for all s £ J-. Also, for every M £ [N]°°, the map tp : T \ M ^ X 
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will be called an J- -subsequence of {xs)sej^ and will be denoted by {xs)seJ^\M ■ An 
J^-sequence {xs)seJ^ in X will be called bounded (resp. seminormalized) if there 
exists C > (resp. < c < C) such that \\xs\\ < C (resp. c < \\xs\\ < C) for every 
s e J". 

Lemma 4.1. Let {xs)seT be a bounded F-sequence in X . Let k ^ N, N ^ [N]°° 
and S > 0. Then there exists M £ [N]°° such that 

k 

\\S2ajXs, <5 



(18) 



k 

j=i 



for every {tj)j^i, (sj)j=i G Plmk{T \ M) and ai,...,ak G [—1,1]- 

Proof. Let (a„)^li be a ^-net of the unit ball of (E'', || ■ ||oo)- Setting a„ = 
(a", ■■■,a]^) for every 1 < n < uq, we inductively construct N ^ Nq D Ni ^ . . . D 
satisfying 



(19) 



E 



a'lxt, 



k 



< 



for every 1 < n < no and every {sj)j^i, {tj)j^i € Plinfc(J^ \ Nn). 

The inductive step of the construction has as follows. Suppose that iVo 
have been constructed. Define 5„ : PlnH:(J^ |" A^„-i) [0, /C] by gn{{sj)j 



' i) 



By dividing the interval [0, IC] into disjoint intervals of length | and 



applving Theorein l3.5[ there is C 7V„_i such that \gn{itj)'j^i)—gn{{sj)'j^i)\ < 
for every (i,)^li, (s,),ti e Plmfc(-^ \ N^)- 

We set M — M{Nno)- By (ITOl) and taking into account that (a„) 
of the unit ball of (M*^, || • ||oo) it is easy to see that L is as desired. 

Lemma 4.2. Let {xs)sej' be a bounded F-sequence in X. Let Z G N, £ [N] 
and (5 > 0. Then there exists M e [N]°° such that 

k k 



net 
□ 



(20) 



^ajXt^ 
i=i 



E 

j=i 



Ct ') X Q 



< s 



for every 1 < k < I, (tj)j=i, (sj)j=i E Plmk{J- \ M) and ai, at G [—1, 1] 
Proof. It follows easily by an iterated use of Lemma 14.11 



□ 

Lemma 4.3. Let {xs)seT be a bounded J- -sequence in X . Then for every sequence 
{Sn)n of positive real numbers and N G there exists M G [N]°° satisfying 

k 



(21) 



fc 

E 



ajXt^ 



E« 



<Si, 



for every 1 < k < I, ai,...,ak G [—1,1] and (ij)^^i, (sj)^^i G Plmk[F \ M) such 
that si(l),ii(l) > M{1). 

Proof. It is straightforward by Lemma 14.21 and a standard diagonalization. □ 

Hence, assuming in the above lemma that (i5„)„ is a null sequence, we get that 
for every I G N and every sequence ((s")^^]^)^ of plegma ^— tuples m iF \ M with 



s"(l) — > oo the sequence (|| X), 



= 1 "J-^s, 



)„ is convergent and its limit is independent 
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from the choice of ((s")j-^i)n. Actually, we may define a seminorm || • ||, on coo(N) 
under which the natural Hamel basis (e„)„ satisfies 



(22) 



k 

IE 



< 5v 



for ah 1 < fc < /, (a,),=i in [-1, 1] and {ajY^^i e Plmfc(J" \ M) with si(l) > M{1). 

Let's notice here that there exist bounded J^-sequences in Banach spaces such 
that no seminorm resulting from Lemma 14.31 is a norm. For example this happens 
in the case where (Xs)s^f is constant. Moreover, even if the || • ||* is a norm on 
coo(N), the sequence (e„)„ is not necessarily Schauder basic. 

We are now ready to give the definition of the J^-spreading models of a Banach 
space X. 

Definition 4.4. Let X he a Banach space, T he a regular thin family, {xs)s&t &e 
an J- -sequence in X. Let {E, \\ ■ ||*) he an infinite dimensional seminormed linear 
space with Hamel basis (e„)„. Also let and M G and {5n)n be a null sequence 

of positive real numhers. 

We will say that the J--suhsequence {xs)seJ^\M generates (e„)„ as an J- -spreading 



model {with respect to {Sn)n) if for every Z G N, 1 < fc < (ij); 
{sj)''^i e Plmk[T \ M) with si(l) > M{1), we have 



'1,1] 



(23) 



<5i. 



We will also say that {xs)seJ^ admits {en)n as an J- -spreading model if there exists 
M € [N]°° such that {xs)seJ^\'M generates (e„)„ as an J- -spreading model. 

Finally, for a suhset A of X, we will say that (e„)„ is an F -spreading model of 
A if there exists an F-sequence {xs)s^t in A which admits (e„)„ as an T-spreading 
model. 



The next remark is straightforward. 

Remark 2. Let M G [N]°° such that {xs)seJ^\M generates (e„)„ as an J^-spreading 
model. Then the following are satisfied. 

(i) The sequence (e„)„ is spreading, i.e. for every n G N, fci < . . . < fc„ in N 
and ai, . . . , a„ G M we have that || J2'j=i ajejil* = II Yl]=i o-jSkj \\*- 

(ii) For every M' G [A/]°° we have that {xs)s£J^\M' generates (e„)„ as an T- 
spreading model. 

(iii) For every null sequence {S'j^)n of positive reals there exists M' G [M]°° such 
that {xs)seJ^\Ar generates (e„)„ as an J^-spreading model with respect to 

By Lemma we get the following. 

Theorem 4.5. Let J- be a regular thin family and X a Banach space. Then every 
hounded J- -sequence in X admits an T-spreading model. In particular for every 
hounded J- -sequence {xs)seT ^ and every N G [N]°° there exists M G [N\°° 
such that {xs)seJ^\M generates J- -spreading model. 
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4.2. Spreading models of order ^. In this subsection we sliow tliat Definition 
14.41 is independent of tlie particular regular thin family T and actually depends on 
the order of T . More precisely we have the following. 

Lemma 4.6. LetJ-^Q he regular thin families witho{J-) < o{Q). LetX be a Banach 
space and (xs)seJ^ be an J- -sequence in X which admits an J- -spreading model (e„)„. 
Then there exists a Q-sequence {wt)teg with {wt ■ t ^ Q} C [xs : s G T} and which 
admits (e„)„ as a Q -spreading model. 

Proof. Let AI g and ((5„) \ be such that {xs)sgj^im generates (e„)„ as an 

J-"-spreading model with respect to {Sn)n- By Theorem 13.161 there exist N € [N]°° 
and a plegma preserving map (p: Q\N^T\M such that min ip{t) > M{1), for 
every I € N and t £ G \ N with mini > N{1). For every t e G \ N let Wt ^ x^^t) 
and for every t £ Q\{Q \ N) lei wt = Xsg where sq is an arbitrary element of 
We claim that (wt)teg\N generates (e„)„ as a ^/-spreading model with respect to 

{5n)n- 

Indeed, fix ^ e N, 1 < /fc < Z, {ajf^^^ in [0,1] and <^ Q \ N with 

ti(l) > N{1). Let = ip{tj), for all 1 < j < fc. Then {sj))^-^ € Plm,(J' \ M) 
and si(l) > M{1). Therefore, since {xs)s£T\m generates (e„)„ as an J"-spreading 
model with respect to {5n)m we have 



fc 



'3 ^0 



<5i 



and the proof is complete. 



□ 



Corollary 4.7. Let X be a Banach space, A £ X and J- , Q be regular thin families 
with o{T) = o{Q). Then (e„)„ is an T-spreading model of A iff (e„)„ is a Q- 
spreading model of A. 

The above permits us to give the following definition. 

Definition 4.8. Let A be a subset of a Banach space X and ^ > 1 be a countable 
ordinal. We will say that (en)n *s « ^-spreading model of A if there exists a regular 
thin family J- with o{J-) = ^ such that (e„)„ is an J- -spreading model of A. The 
set of all ^.-spreading models of A will be denoted by SA4^{A). 

Notice that by Lemma we have 

(24) SMciA) C SM^{A), 

for every < uJi. 

The following is an extension of Example 1 in ^4,. It shows that for a given 
^ < cji and a regular thin family Q there exists a norm on coo{Q) such that setting 
A = {cs : s G G} (where {es)s£j^ is the natural Hamel basis of cqo{Q)), we have 
SMc{A) C SM^{A), for every C<C 



Example 1. Let 1 < ^ < wi, be a regular thin family of order ^ and {es)seg be 
the natural Hamel basis of coo{Q). Let {E, || • ||) be a Banach space with a normalized 
spreading and 1-unconditional basis (e„)„ which in addition is not equivalent to the 
usual basis of cq. Let Xg be the completion of coo(S) under the norm || • \\jr defined 
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by 

(25) llxllg =sup{||^at,e,|| : / £ N, (t,)Li ePlmi{g) and / < ii(l)}, 

2=1 

for every x = J2teg ^ cooiQ)- 

Let A — {et t E G}. It is easy to see that {et)t&g generates (e„)„ as an Q- 
spreading model, i.e. (e„)„ belongs to SM^{A). Let C < We claim that for 
every (e^)„ S SM(:;{A) either (e^)„ is generated by a constant J^-sequence with 
o{J-) = C or it is isometric to the usual basis of cq. Thus (e„)„ ^ SAiQ{A). 

Indeed, let (ej^)„ € SA4q{A). Then there exists a regular thin family T of order 
C, an J^-sequence (xs)sej^ in A and M e [N]°° such that (xs)sgjrfjv,/ generates (ej^)„ 
as an J^-spreading model. Since {xs}sej^ Q A, we may define ip : J- \ M ^ G hy 
choosing for each s G T \ M an element (p{s) € Q satisfying e^(s) = Xs- 

Assume for the following that (ej^)„ S SM.c,{A) is not generated by a constant 
J-"-sequence with o{J-) ~ C,. By part (ii) of Remark [2] we have that is hereditarily 
nonconstant and by Lemma [3 . 1 01 there exists N G [M]°° such that for every plegma 
pair (si,S2) in F \ N, f{si) ^ v[s2)- Moreover since o{T) < o{G) by Theorem 
I3.18l we have that there exists L e [N]°° such that for every plegma pair (si, S2) in 
G \ L neither ((^(si), 95(52)), nor (1^9(52), 1^9(51)) is a plegma pair. Therefore, by part 
(i) of Proposition [221 we conclude that for every 1 < k < I, {sj)'j^i G Plmfc(J^ \ L) 
and {ti)\^i e Plm;(C/), we must have 

(26) |{je{l,...,fc}:(^(s,)e{t, :1<^<^}}| < 1. 

Hence, for every fc £ N, ai, . . . , at G M and {sj)'^^^ G Plmfc(7^ \ L), we have 



(27) E« 



k k 



max 

i<i<fe 



i.e. (e^)„ is isometric to the usual basis of cq. 

A natural question arising from the above is the following. 

Question. Let X be a separable Banach space. Is it true that there exists a 
countable ordinal ^ such that SM.q{X) = SM.^{X) for every C > 

The above question can be also stated in an isomorphic version, i.e. whether 
every sequence in SM.i^{X) is equivalent to some sequence in SM(^{X) and vice 
versa. 

Remark 3. In a forthcoming paper we will provide examples establishing the 
hierarchy of the higher order spreading models and also illustrating the boundaries 
of the theory. Specifically we will show the following. 

(1) For every countable limit ordinal ^ there exist a Banach space X such that 
SM^{X) properly includes up to equivalence <^iSA^^(X). 

(2) There exist a Banach space X such that for every ^ < oji and every (e,i)„ £ 
SM.^{X), the space E generated by (e„)„ does not contain any isomorphic 
copy of Co or £p for all 1 < ^) < 00. 

The above results require a deeper study of the structure of 7^-sequences generating 
^i-spreading models (see also for the finite order case). 
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5. J"-SEQUENCES IN TOPOLOGICAL SPACES 

Let {X, T) be a topological space and be a regular thin family. As we have 
already defined in the previous section, an 7^-sequence in X is any map of the 
form if : J- ^ X and generally an J^-subsequcnce in X is any map of the form 
ip : F \ M ^ X. In this section we will study the topological properties of J-- 
sequences. The particular case where = [N]*^, fc G N had been studied in [4]. 

5.1. Convergence of J^-sequences. We introduce the following natural definition 
of convergence of J-'-sequences. 

Definition 5.1. Let (X,T) be a topological space, J-" a regular thin family, M G 
[N]°° , Xq ^ X and (xs)seJ^ J- -sequence in X . We will say that the J- -subsequence 
{xs)seT\M converges to xq if for every U £T with xq E U there exists m G N such 
that for every s Cz J- \ M with mins > Af (m) we have that Xg G U . 

It is immediate that if an J-'-subsequence {xs)s<^t\m in a topological space X is 
convergent to some xq, then every further J-'-subsequence is also convergent to a;o. 
Also notice that if o{J-) > 2 then the convergence of {xs)seJ^\M does not in general 
imply that {xg : s E T \ M} is a relatively compact subset of X. For instance, let 
(a;s)sg[N]2 be the [N]^-sequence in cq defined by Xg = J2i=B(i] where {ei)i is the 
usual basis of cq. According to Definition 15.11 the [N]^-sequence (xs)sg[N]2 weakly 

converges to zero but {xs : s G [N]^} = {xs : s G [N]^} U {0} which is not a weakly 
compact subset of cq. 

Proposition 5.2. Let {X,Tx), [Y-Ty] be two topological spaces and f : Y ^ X 
be a continuous map. Let T be a regular thin family, M G [N]°° and (ys)s6J^ cin 
J- -sequence in Y . Suppose that the T -subsequence {ys)si£T\M is convergent to some 
y EY. Then the J- -subsequence {f{ys))seJ^tM is convergent to f{y). 

Proof. Let Ux S Tx, with f{y) E Ux- By the continuity of / there exists Uy & Ty 
such that y E Uy and f[Uy] C Ux- Since {ys)s&r\M is convergent to y, there exists 
m G N such that for every s E J- \ M with mins > M[m) we have that j/s £ Uy 
and therefore f{ys) E f[Uy] C Ux- □ 

For the rest of this section we shall restrict to J^-sequences in metric spaces. 

Definition 5.3. Let {X, p) be a metric space, T a regular thin family, M G 
[N]°° and {xs)s^T cm J- -sequence in {X,p). We will say that the J- -subsequence 
{xs)s£T\M is Cauchy if for every £ > there exists m G N such that for every 
si, S2 E J- \ M with min si, min S2 > M{m), we have that p{xs^ , Xsa) < £• 

Proposition 5.4. Let M E F be a regular thin family and {xs)s^r be an 

T-sequence in a complete metric space {X,p). Then the T -subsequence {xs)s^jr\M 
is Cauchy if and only if {xs)seJ^\M *s convergent. 

Proof. If the J^-subsequence {xs)seJ^\M is convergent, then it is straightforward 
that {xs)seJ='\M is Cauchy. Concerning the converse we have the following. Suppose 
that the J-'-subsequence {xs)si^j^\m is Cauchy. Let (s„)„ be a sequence in J' \ M 
such that min s„ oo. It is immediate that (xs^)„ forms a Cauchy sequence in 
X. Since {X,p) is complete, there exists x E X such that the sequence {xs„)n 
converges to x. We will show that the J^-subsequence {xs)s&J'\m converges to x. 
Indeed, let e > 0. Since {xs)s€r\M is Cauchy, there exists fco G N such that for 
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every ^1,^2 G J' \ M with niin ti , min f2 > M{ko) we have that p{xt-^,xt2) < §■ 
Since the sequence {xs,^)n converges to x and mins„ — >■ 00, there exists no G N 
such that mins„o > M(fco) and p{x,Xs„g) < e/2. Hence for every s ^ T \ M such 
that mins > M(fco), we have that p{x,Xs) < p{x,Xs^ ) + p{xs^ ,Xs) < e and the 
proof is completed. □ 

Lemma 5.5. Let M G J- be a regular thin family and {xs)seJ^ m J- -sequence 

in a metric space {X,p). Suppose that for every e > and L G [M]°° there exists 
a plegma pair (si,S2) in J- \ L such that p^Xg-^^Xg^) < e. Then the T-subsequence 
{xs)s(^jr^j^.i has a further Cauchy subsequence. 

Proof. Let be a sequence of positive reals such that Yl^=i < 00. Using 

Theorem 13. 5i we inductively construct a decreasing sequence (L„)„ in [M]°°, such 
that for every n € N and for every plegma pair (si, S2) in J- \ Ln we have that 
p{xsi ,Xs2) < £«• Let L' be a diagonalization of (L„)„, i.e. L'{n) e i„ for all n G N, 
and L = {L'(2n) : n € N}. 

We claim that the J^-subsequence {xs)seT\L is Cauchy. Indeed let £ > 0. There 
exists uq G N such that X^^^no < ^- Let sq be the unique initial segment of 
{L{n) : n > uq} in J-. If maxso L{k) then we set fcg = fc + 1. Then for every 
si,S2 G J- \ L with minsi,mins2 > L{ka), by Theorem 13.91 there exist plegma 
paths {s]j)^^^i, (s|)j=i m. T \ L' from sq to Si, S2 respectively. Then for j = 1, 2 we 
have that 

|so|-l |so|-l ^ 

p{xso,Xs,)< ^ p{XgyXg^^^^) < ^ < - 

i=o 3=0 
which implies that p^Xs-^^^Xs^) < £. D 

Definition 5.6. Let e > 0, L E J- be a regular thin family and {xs)seJ^ o,""^ 

T-sequence in a metric space X. We will say that the subsequence {xs)seJ^\L is 
plegma e-separated if for every plegma pair (si,S2) in T \ L, p{xs-^,Xs2) > £• 

The following proposition is actually a restatement of Lemma 15.51 

Proposition 5.7. Let M G , J- be a regular thin family and {xs)seJ' 
J- -sequence in a metric space X . Then the following are equivalent. 

(i) The J- -subsequence {xs)seT\M has no further Cauchy subsequence. 

(ii) For every N G there exist e > and L G [N]°° such that the subse- 
quence {xs)seJ^\L is plegma e-separated. 

Proof. (i)=>(ii): Assume that (ii) is not true. Then there is G [M]°° such that 
for every £ > and L G [N]°° there exists a plegma pair (si, S2) in \ L such that 
p{xsi,Xs2) < £■ By Lemma the J^-subsequence (a;s)sejrfAr has a further Cauchy 
subsequence. Since iV C ill this means that (a;s)sgj^fM has a further Cauchy 
subsequence which is a contradiction. 

(ii)^(i): Suppose that (i) does not hold. Then there exists N G [M]°° such that 
{xs)sej^lN is Cauchy. Let £ > and L G [N]°° . Then {xs)s£J^\l is also Cauchy and 
therefore {xs)seT\L is not plegma £-separated, a contradiction. □ 

5.2. Subordinated J^-sequences. By identifying every subset of N with its char- 
acteristic function, a thin family becomes a discrete subspace of {0, 1}^ (under 
the usual product topology) with J- being its closure. This in particular yields that 
every (j) : F ^ i^^T) is automatically continuous. In this subsection we show 



22 



S. A. ARGYROS, V. KANELLOPOULOS, AND K. TYROS 



that for every regular thin family J^, M £ and (p : J- \ AI {X^T) such 

that the closure oi '^{J- \ M) is a compact metrizable subspace of X there exist 
L g [M]°° and a continuous extension (p : !F \ L ^ {X,T)- We start with the 
following definition. 

Definition 5.8. Let {X, T) he a topological space, J- he a regular thin family, M G 
and {xs)seJ^ he an J- -sequence in X . We say that {xs)seT\M is subordinated 
( with respect to {X, T) ) if there exists a continuous map (p : J- \ M ^ {X, T) with 
(p{s) = Xg for every s € T \ M . 

Assume that {xs)seJ^\M is subordinated. Then since J- is dense in J-", there 
exists a unique continuous map ip : T \ M (X, T) witnessing this. Moreover, for 
the same reason we have {xg : s G f M} = ip[T \ Af), where {xg s J- \ M} 
is the T-closure of {x^ : s <£ T \ M} in X. Therefore {xg s & T \ M} is a 
countable compact metrizable subspace of {X, T) with Cantor-Bendixson index at 
most o{J-) + 1. Another property of subordinated J-'-sequences is stated in the next 
proposition. 

Proposition 5.9. Let (X,T) be a topological space, T he a regular thin family and 
{xs)si^r he an T-sequence in X . Let M G such that {xs)seJ^\M is subordinated. 
Then {xg)g^jr^M is a convergent -subsequence in X . Ln particular, if (p : J- [" M — s- 
(X,l^ is the continuous map witnessing the fact that {xs)seJ^\M is subordinated 
then {xs)si£j^\M is convergent to <^(0). 

Proof. Via the identity map we may consider the family J- as an J^-sequence in 
the metric space Y = J- i.e. let {ys)s&T be the J-'-sequence in Y, with ~ s 
for every s E J-. As we have already noticed {ys)seJ^ converges to the empty set. 
Hence, since ip : T \ M —i' {X, T) is continuous, by Proposition 15.21 we get that 
{^(Vs)) sej^lM converges to (p{0). Since ^(?/s) = ^(s) = Xg for every s e T \ M, 
this means that {xs)seJ^\M is convergent to p{0). □ 

Theorem 5.10. Let J- he a regular thin family and {xs)s(£j^ be an J- -sequence in a 
topological space {X, T). Then for every M G [N]°° such that {xs : s E J- \ M} is a 
compact metrizable subspace of {X,T) there exists L G [Af]°° such that {xs)seJ^\L 
is subordinated. 

Proof. We will use induction on the order of the regular thin family J-. If o{J-) = 
(i.e. the family is the singleton ~ {0}) the result trivially holds. Let ^ < wi 
and assume that the theorem is true when o(J^) < ^. 

We fix a regular thin family T with o(-F) = an J^-sequence {xs)sej' in a 
topological space {X,T) and M G [N]°° such that {xs : s € T \ M} is a compact 
metrizable subspace of {X, T) . By passing to an infinite subset of M if it is necessary 
we may also suppose that T is very large in M . Let p be a compatible metric for 
the subspace Xq = {xs : s G |" M}. We shall construct (a) a strictly increasing 
sequence {mn)n in M , (b) a decreasing sequence M — Mq D Mi 3 ... of infinite 
subsets of M (c) a sequence of maps with ipn ■ -^(m„) I" Mn X and (d) 
a decreasing sequence of closed balls {Bn)n in A^o such that for every n G N the 
following are satisfied: 

(i) rUn = minM„_i and M„ C Af„_i \ {m„}, 

(ii) diam Bn < l/n, 
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(iii) the map (pn is continuous, 

(iv) (fn{u) = a;{m„}u„, for every u £ T(m„) \ Mn and 

(v) {0niu) ■■ U e J'(,n^) \ Mn} C S„ . 

We shall present the general inductive step of the above construction so let us 
assume that the construction has been carried out up to some n € N. We set 
run+i = minM„. Since J- is very large in M we have that Q — J-'(mn+i) — {u € 
[N]<°° : m„_|_i < u and {m„+i}Uu G T} is a regular thin family. For each u G Q we 
set Uu = a;{„^^^}LJ„ and we form the (/-sequence {yu)u&G- Let = M„ \ {m„+i}. 
Since Y = {y„ : u £ G \ A/,'j} C {xg : s £ T \ M}, we have that the closure of 
Y in {X, T) is also a compact metrizable subspace of {X, T) ■ Thus F is a totally 
bounded metric space and therefore by Theorem 12.11 and passing to an infinite 
subset of if it is necessary, we may also suppose that there exists a ball Bn+i 
of Xq with diam Bn+i < (n + 1)^^ and such that 

(28) {yu ■■ u e g \ m;^} c Bn+i. 

Moreover, o{Q) = o(j^(m„+i)) < o{J-') = ^. Hence, by our inductive hypothe- 
sis, there exists an infinite subset M„+i of = Af„ \ {m„+i} such that the 
(J-subsequence {yu)ueg\M„+i is subordinated. Let (pn+i : G \ Af„_(-i X he the 
continuous map witnessing this fact. Then ip„^i{u) = yu = foi' every 

u e ^(m„+i) \ Af„+i and by the continuity of (pn+i we have 

Gi 

(29) {(pn+l{u) : U e J'(„i„+i) \ Mn+l] C : -U e ^(m„ + i) \ Mn + l} ^ S„+i, 

which completes the proof of the inductive step. 

We set M' = {m„ : n S N}. Since limdiam _B„ = and Xq is a compact metric 
space there exists a strictly increasing sequence (fc„)„ and xq G Xq such that 

(30) limdist(a;o,Bfc„) = 0. 

We set L = {to^,^ : n G N} and we define (p : F \ L ^ X as follows. For s = 0, we 
set ^(0) = Xq. Otherwise, if n is the unique positive integer such that m^^ — mins 
we set 'f{s) ^ ^fc„(s \ {mins}) — Xt- It is easy to check that ip is well defined. To 
see that is continuous let (s„)„ be a sequence in f L and s £ J- \ L such that 
s„ — > s. If s = we have that min s„ — ;> -f 00, thus using condition (v) and equation 
pop we obtain that <p{s„) xq = <^(0). Otherwise, let mk^^ — mins. Then 
mins„ = mins = rnk„^, for all but finitely many n. Therefore, ip{sn) = f>k„g (•§«), 
for all but finitely many n and since (^^^^ is continuous, <^(s„) — >■ ^(s). □ 

6. J^-SEQUENCES GENERATING SPREADING MODELS 

Let {xn)n be a sequence in a Banach space X generating a spreading model 
(e„)„. It is well known (see [5], [7]) that if (x„)„ is norm convergent then the 
seminorm in the space E generated by (e„)„ is not a norm. Furthermore if (cc„)„ 
is weakly null and seminormalized then (e„)„ is 1-unconditional. In this section 
we show that analogues of these results remain true in the higher order setting 
of ^-spreading models. We begin with a short review of the basic properties of 
spreading sequences. 
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6.1. Spreading sequences. Let {E, \\ ■ ||*) be a seminormed linear space. A se- 



quence (e„)„ in E is called spreading if || 



= II ajCk^ II*, for every 



rt S N, ai, . . . , a„ S M and fci < . . . < fc„ in N. As we have already mentioned every 
spreading model of any order of a Banach space is a spreading sequence. In this 
subsection we shall briefly recall some well known results on spreading sequences 
that we shall later use (for a more detailed exposition see [1], [5], [6], [7]). We start 
with the following elementary lemma. 

Lemma 6.1. Let {E, \\ ■ \\^) be a seminormed linear space and (e„)„ be a spreading 
sequence in E. Then the following are equivalent. 



(i) There exist k E N and ai, . . . ,ak G H 

(ii) For every n,m eN, ||e„ — e„i\\* = 0. 



not all zero with || 



aid 



0. 



Proof. The implication (ii)=>(i) is straightforward. To show the converse let fc € N 



and ai,...,a„ S M not all zero, such that ||X]i=i' 



~ 0. Since (e„)„ is 



spreading we may suppose that aj ^ for all I < j < n. Moreover notice that 



(31) 



Hence, 



(32) 



fc-i 

E 



ajCj + OkCk 



= 0. 







e/c - efe+i 









fc-l 

E 



Ojej + flfcefc 



fe-i 

E' 



Since (e„)„ is spreading we get that ||e„ — e„ 



for every n, m G N 



= 0. 



□ 



Spreading sequences in seminormed linear spaces satisfying (i) or (ii) of the above 
lemma will be called trivial. As a consequence we have that if (e„)„ is non trivial 
then the restriction of the seminorm || • ||* to the linear subspace generated by (e„)„ 
is actually norm. 

As in ^ , we classify the non trivial spreading sequences into the following three 
categories: (1) the singular^ i.e. the non trivial spreading sequences which are 
not Schauder basic, (2) the unconditional and (3) the conditional Schauder basic 
spreading sequences, i.e. the spreading sequences which are Schauder basic but not 
unconditional. 

Proposition 6.2. Let {en)n be a non trivial spreading sequence. 

(i) //(e„)„ is weakly null then it is 1-unconditional. 

(ii) Lf (en)n is unconditional then either it is equivalent to the usual basis of 



or it is norm Cesdro summable to (i.e. lim„ 



n 



0). 



Proof, (i) See [T]. (ii) Since (e„)„ is unconditional there exist C > such that 



< c 



En 



for every n £ N, oi, . . . , a„ £ R and ei, . . . , e„ £ 

{ — 1,1}. Also since it is spreading and nontrivial there exists Af > such that 
||e„|| = AI for all n £ N. Suppose that (e„)„ is not Cesaro summable to zero. 
Then there exist ^ > and a strictly increasing sequence of natural numbers (p„)„ 
such that Sr=i ^»ll ^ ^' * ^ {!,■•■ ,Pn}- Hence for every n £ N there 

exist X* with ||a:*|| = 1 such that x'^i^ J2^=i ^i) > ^- For every n £ N, we set 
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/„ = {!,... ,pn} and let An = {« e In ■ x^iei) > f }• Then we have 



<-K|c + - 



Hence |^„| > which gives that hm„^oo |^n| = +00. We are now ready 

to show that (e„)„ is equivalent to the usual basis of £1. Indeed, let n & N, 
ai, . . . , a„ G M and choose no G N such that \Ang \ > n. Then 



n n ^ n ^ n 



1=1 



i=l 



i=l 



CI 



i=l i=l 



□ 



Proposition 6.3. Lef (e„)„ 6e a singular sequence and let E be the space gener- 
ated by (e„)„. Then there is e E \ {0} such that (e„)„ is weakly convergent to 
e. Moreover if = e„ — e then (e^)„ zs spreading, 1 -unconditional and Cesaro 
summable to zero. 

Proof. Since {en)n is equivalent to all its subsequences and it is not Schauder basic, 
every subsequence of (e„)„ is not Schauder basic. In particular, every subsequence 
of (e„)„ cannot be non trivial weak-Cauchy or weakly null. Hence, by Rosenthal's 
^"'^-theorem [18] (e„)„ is weakly convergent to a non zero element e G E. 

Let = e„ — e. To show that (e^)„ is spreading, let n e N, Ai, A„ G R and 
/ci < ... < fc„ in N. If X]r=i ~ 0' then notice that 



(33) 



Generally let X]"=i — ^- Since (ej^)„ is weakly null we may choose a convex 
block subsequence {wrn)m of (e^)„ which norm converges to zero. Let toq G N be 
such that k„ < supp(wm) for all m > toq- Then by p3p we have 



(34) 



4=1 



for all m > ttiq. Hence, by taking limits, we get that 

that is the sequence (ej^)„ is spreading. Moreover, since ||e„ — e 
Lemma [01 we have that (e^)„ is non trivial. Finally, since (ej^)„ is weakly null, by 
Proposition 16 . 21 it is also 1-unconditional and norm Cesaro summable to zero. □ 



Er=i ^^4. 

Wn-e'^W, by 



In the following the above decomposition e„ = + e of a singular spreading 
sequence (e„)„ will be called the natural decomposition of (e„)„. 



6.2. J^-sequences generating non singular spreading models. We start with 
a characterization of the J^-sequences in a Banach space X which generate a trivial 
spreading model. 



26 



S. A. ARGYROS, V. KANELLOPOULOS, AND K. TYROS 



Theorem 6.4. Let X be a Banach space, J- be a regular thin family and (xs)seJ^ 
be an J- -sequence in X and M G [N]°°. Let [E, \\ ■ ||,) be an infinite dimensional 
seminormed linear space with Hamel basis (e„)„ such that {xs)si^T\h[ generates 
{e,n)n o,s an J- -spreading model. Then the following are equivalent: 

(i) The sequence (e„)„ is trivial. 

(ii) For every e > and every L e [M]°°, there exists a plegma pair (si, S2) in 
T \ L such that Wxg^ ~ Xg^ \\ < e. 

(iii) The T -subsequence {xs)si^t\m contains a further norm Cauchy subsequence. 

(iv) There exists x £ X such that every subsequence of {xs)seT\M contains a 
further subsequence convergent to x. 

Proof. (i)=>(ii): Let e > and L e [M]°°. Since the J^-subsequence {xs)s&j='\l also 
generates (e„)„ as an J^-spreading model (see Remark (2), there exists no £ N such 
that for every plegma pair (si, S2) in J- \ L with minsi > L(no), we have 



(35) 



ei - 62 



< e. 



Let (si,S2) be such a plegma pair. Since (e„)„ is trivial we have ||ei — 62] 
and therefore by ((35|) we obtain that 







< e. 



(ii) =>(iii): This follows by Lemma [5.51 

(iii) =^(i): Using that {xs)seT\M contains a further norm Cauchy subsequence, 
we easily construct a sequence ((si,S2))n plegma pairs in J- \ M such that 
s"(l) 00 and \\xsi — a^sjH < l/n. Then we have 

(36) ||ei-e2||*== lim \\xs^ - Xsi}\\ ^ 0. 

Thus, by Lemma l6.H we conclude that (e„)„ is trivial. 

(iv) =>(iii): It is straightforward. 

(i)=>(iv) Since every subsequence of {xs)s£J^\m generates (e„)„ as an J"-spreading 
model we have that for every L € [M]°° {xs)s£T\m generates a trivial spreading 
model. By the implication (i)^(iii) and Proposition 15. 4| we have that every sub- 
sequence of {xs)seTiM contains a further convergent subsequence. It remains to 
show that all the convergent subsequences of {xs)s(£J^\m have a common limit. 

To this end, let Li,L2 G xi,X2 G X such that {xs)seJ^\Li converges to 

Xi for i G {1,2} and let e > 0. Hence there exists no G N such that for every 
s G \ Li and t G \ L2 with mins > Li(no) and mini > L2{no) we have 



(37) 



\\xi - Xs\\, \\X2 - Xt\\ 



e 

<3 



Since {xs)seJ^\M generates the trivial sequence (e„)„ as an J^-spreading model, we 
may also assume that 



(38) 



ei - 62 



e 

<3' 



for every plegma pair (si, S2) in J- \ M with minsi > M(no). 

It is easy to see that we can choose si G T \ Li with minsi > Li(no) and 
S2 £ J-^ \ L2 with mins2 > L2(no) such that (si, S2) is a plegma pair. Then by ([37]) 
and (1551) we have 



(39) 



Xi - X2 



< 



Xi 



X2 



< e. 
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Since (p9|) holds for every e > we get that xi — X2- The proof is complete. □ 

We proceed to present a sufficient condition for an J^-sequence to generate a 
Schauder basic spreading model. We need the next definition. 

Definition 6.5. Let A be a countable seminormalized subset of a Banach space 
X . We say that A admits a Skipped Schauder Decomposition (SSD) if there exist 
C > I and a pairwise disjoint sequence {Ak)k of finite subsets of A such that the 
following are satisfied. 

(i) U^^i A- = A. 

(ii) For every N G [N]°° not containing two successive integers and every se- 
quence {xk)ki£N with Xk (z Ak for all n e N , {xk)keN is a Schauder basic 
sequence of constant C . 

The following proposition is well known but for the sake of completeness we 
outline its proof. 

Proposition 6.6. Let (x„)„ be a seminormalized weakly null sequence in a Banach 
space X . Then for every e > the set A = {x„ : n G N} admits a SSD with constant 
C=\ + e. 

Proof. We may assume that X has a Schauder basis (e„)„ with basis constant K=l 
(for example we may assume that X = C[0, 1]). By induction and using the sliding 
hump argument, we define (1) a partition {Fn)n of N into finite pairwise disjoint sets 
and (2) a sequence (jjn)n of finitely supported vectors in X such that the following 
are fulfilled: 

(i) For every fc G N and n G Fk, we have \\xn — j/n|| < e/Z*^ and 

(ii) for every k2 > ki with k2 — ki > 1, ni E Fk-^ and n2 G -Ffej, we have 
maxsupp(?;„J < minsupp(y„2). 

Setting Ak = {xn : n G F^}, A: G N, it is easy to check that {Ak)k satisfies conditions 
(i) and (ii) of Definition 16.51 □ 

Tiieorem 6.7. Let A be a subset of a Banach space X. If A admits a SSD with 
constant C , then every non trivial spreading model of any order of A is Schauder 
basic of constant C. 

Proof. Let 1 < ^ be a countable ordinal and (e„)„ be a non trivial spreading model 
of A of order ^. Let be a regular thin family with o{J-) = ^, {xs)seJ^ be an 
J"-sequence in A and M G [N]°° such that {xs)s£J^\m generates (e„)„ as an T- 
spreading model. Let {Ak)k be a partition of A satisfying condition (ii) of Def. 16.51 
Finally, let ip : T \ M ^ defined by ip{s) = k if Xs € Fk. 

Observe that (p is hereditarily nonconstant in M . Indeed, otherwise there exists 
L G [M]°° and feg G N such that Xg G Fk^ for every s e T \ L and s e T \ L. 
Since Fkg is finite, by Proposition 12 . 61 there exists N G [L]°° such that {xs)sgt\n is 
constant. By part (n) of Remark[21 the J"-sequence {xs)s£J^\n also generates (e„)„ 
as an J^-spreading model. But then, since {Xs)sgj^in is constant, the sequence (e„)„ 
should be trivial which is a contradiction. Hence ip is hereditarily nonconstant in M 
and therefore by CoroUarv 13 . 121 there exists N G [M]°° such that (^(52) — ifiisi) > 1 
for every plegma pair (si, S2) in T \ N. By the SSD property of A we have that 
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for every 1 < m < I £ N and for every 

m / 

(40) \\Y,a,Xs,\\<C\\J2ci,Xs,l 

for every plegma Z-tuple {sjYj^i in T \ N and oi, a; e K. This easily yields that 
(e„)„ is a Schauder basic sequence with constant C. □ 

6.3. Spreading models generated by subordinated J^-sequences. Let (a;„)„ 
be a weakly convergent sequence in a Banach space X which is not norm Cauchy 
and assume that it generates a spreading model (e„)„. It is well known (see [5], 
[7]) that (e„)„ is either an unconditional or a singular spreading sequence. In [i] 
we extended this fact for subordinated fc-sequences. Here we will show that similar 
results also hold true for J^-sequences where is a regular thin family. 

6.3.1. Unconditional spreading models. Let n G N and for every 1 < i < n let 
Fi ^ [N]^°°. We will say that {Fi)f^-^ is completely plegma connected if for every 
choice of Si G Fi, the n-tuple (si)f^i is a plegma family. Also for a subset ^ of a 
Banach space X, convA denotes the convex hull of A. 

Lemma 6.8. Let X be a Banach space, n £ N, J-i, . . . , J-"„ be regular thin families, 
and L G [N]°°. Assume that for every i = 1, n, there exists a continuous map (pi : 
Ti \ L ^ {X, w) . Then for every e > there exists a completely plegma connected 
family {Fi)f^^ such that Fi C [Fi \ and dist(^i{0), conv ipi(Fi)j < s, for 

every i = 1, n. 

Proof. We will use induction on o[{Fi)\^i) := max{o(J",;) : 1 < i < n}. If 
o{{Fi)\^i) — 0, i.e. Fi — {0} for all 1 < i < n the result follows trivially. Let 
1 < ^ < cji and suppose that the lemma holds true if o{{Fi)f^i) < Let rt G N, 
L G [N]°° and Fi, . . . ,Fn be regular thin families with o(^{Fi)\^i) ^ ^ ^^"^ assume 
that for every I < i < n, there exists a continuous map ipi : Fi f i — > {X, w). 

Fix i G We may suppose that Fi is very large in L and therefore 

every singleton {1} with I G L belongs to Fi. By the continuity of ifi, we get that 
w-\imi^L ipi{{l}) — ipi{0). By Mazur's theorem, we may choose a finite subset 
Ai = {l\ < ... < l'„^.} of L such that 

(41) dist(^,(0),conv (^,(Aj)) < e/2, 
for every 1 < i < n. We may also assume that 

(42) Ai < ... < A„. 

Let A = Uf^iAi and let M = {/ G i : / > max A}. Fix I < i <n and 1 < j < m^. 
We set = (j:0(i5) = e [N]<°° : 1} < s and {I}} U s G J",} and let : ^ t 
M — > {X,w), defined by (Pj{s) = (fi{{lj} U s). Notice that (pj is a continuous 
map and since o((/]) < o{Fi), o(((5j)™^i) -Li) < o((J'i)-Li) = Therefore using 
our inductive assumption we may choose a completely plegma connected family 
((Gj) Ji)r=i ^^•^^ '^j ^ ^ ^^]^°° ^^'^ 

(43) dist(^}(0),conv ^;(q)) <£/2, 
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for every 1 < i < n and 1 < j < rm. 

For every 1 < i < n and I < j < rrii we set Fj — {{lj}Us : s G Gj}- By equation 
(|^ and the choice of ((C*) we easily see that {{Fj)"^_lj)^^_^ is completely 
plegma connected. Moreover, observe that — <^i({Z*}) and ^'(G*) = (pi{Fj). 

Hence, equation (|43)) translates to 



(44) 



dist((^,({?;-}),conv (^,(i^')) <e/2, 



for every 1 < i < n and \ < j < mi. 

For every 1 < i < n, let i^i = Uj^i ■ Clearly (-F"i)"=i ^ completely plegma 
connected family with Fi C [J^j f for every i = 1, ...,n. Finally, fix 1 < i < n. 

By we have dist(a;, conv (fii{Fi)) < e/2, for every x G conv (^i(Ai) and therefore 

by (|1T|) we conclude that dist^i^,;(0), conv (fi{Fi)] < e. □ 



Theorem 6.9. Let X be a Banach space, T be a regular thin family and L G 
Let {xs)seJ^\L bs o-n J- -subsequence in X generating an J-'-spreading model (e„)„. 
Also assume that {xs)s£j^\L seminormalized, subordinated (with respect to the 
weak topology of X) and weakly null. Then (e„)„ is an 1- unconditional spreading 
sequence. 



Proof. We first show that (e„)„ is non trivial. Indeed, otherwise by Theorem 
there exists M G [L]°° and xq G X such that the J^-subsequence {xs)seT\M is norm 
convergent to xq. Since M C L, {xs)s&t\m is also weakly null and therefore xq — 0. 
But this is a contradiction since {xs)s^j^\l is seminormalized. 

We proceed to show that (e„)„ is 1-unconditional. Fix nGN, l<p<n and 
oi, . . . , a„ G [—1,1]. It suffices to show that for every e > we have 



(45) 



1=1 



< 



i=l 



Indeed, fix e > 0. Since {xs)sgJ^\l generates (e„)„ as an J^-spreading model, by 
passing to a final segment of L if it is necessary we may assume that 



(46) 



i=l 



< - and 
3 



i=l 



i=l 



e 

<3' 



for every plegma n-tuple (si)"^]^ in |" L. Since (a;s)seJ^r-L is subordinated with 
respect to the weak topology, there exists a continuous map if : T \ L ^ [X, w) 
such that ip{s) = Xg for every s G T \ L. Since {xs)sgJ^\l is weakly convergent to 
(p{0) we have that 'f{0) = 0. Therefore by Lemma [6.81 (for Ti — T and (pi = (p, 
for all i = 1, n), there exist a completely plegma connected family (i^i)"=i ^i^'i ^ 
sequence (a;i)r=i -''^ such that Fi'^\T \ Xi G conv (p(Fi) and < e/3, 

for every 1 < i < n. Let {p,s)seFp be a sequence in [0, 1] such that X^sgf M'' ^ ^ 
and Xp — X^ggp- Ms^(^) and for each i ^ p choose Si € Fi. By the above we have 
that for every s G Fp the n-tuple (si, . . . , Sp_i, s, Sp+i, . . . , s„) is a plegma family 
and \\xp\\ = IIEseFpMsa^sll < §• 
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Therefore by (j46|) we have 



i=l 



< 



E 



< 



i^p 



+ a- 



Pi 3 



4=1 



dpXs 



2e 



< 



E 

seF„ 



E 

i=l 



e 
3 

e 
^ 3 



2£ 

y 



E 



■ £. 



The proof is complete. 



□ 



6.3.2. Singular or isomorphic to Hi spreading models. We proceed to show an ana- 
logue of Theorem 16.91 for subordinated J^-sequences which are not weakly null. We 
will need the following lemma. 

Lemma 6.10. Let {en)n o,nd (e„)„ be two non trivial spreading sequences which 
are both Cesdro summable to zero. Suppose that for every n G N and Ai, . . . , A„ 
with X]r=i •^i ~ 0' ™^ have that 



(47) 



i=l 



A,; 



Then the map e„ — >■ e„ extends to a linear isometry from < (e„)„ > onto < (e„)„ >. 



Proof. Let n G N and Ai, . . . , A„ G M. Since (e„)„ (resp. (e„)„) is Cesaro summable 
to zero, we have lim^^oo :^ J^jLi = ^ ("cesp. lim„i_^oo :^ YJj=i ^n+j = 0). Let 
A = Yli=i ^i- Then Yl^^-^ \i - YJ7=i d = ^ and therefore, 



E^^ 

1=1 



lim 

m— >oo 



E3 



lim 

m— f oo 



3 
n 

AiCj - 

i=l 

n 

" ^ AiCi 

i=l 



E' 



n+j 



A 



m 



E/ 



□ 



The next lemma is from We reproduce it for the sake of completeness. 



Lemma 6.11. Let X be a Banach space, J- be a regular thin family and {xs)seT\L 
be an J- -subsequence in X . Let xq ^ X and set x'^ — Xs — Xq, for all s £ J- ] L. 
Assume that (xs)sgjrf^ and {x'g)s^jr\]^ generate J- -spreading models (e„)„ and {e„)n 
respectively. Then the following hold. 

(i) II J27=i ^i^i II ~ II Sr=i ^i^i W' every n G N and ai, . . . , a„ G M with 

Er=i«»=o- 

(ii) The sequence (e„)„ is trivial if and only if {en)n is trivial. 

(iii) The sequence (e„)„ is equivalent to the usual basis of £^ if and only if {en)n 
is equivalent to the usual basis of £^ . 

Proof, (i) Notice that for every n G N, si,...,s„ in |~ L and ai,...,a„ G K 
with X)"=i«i = 0' tiave X]"=i "i'^si = J2i=i^i^'s,- Since (e„)„ and (e„)„ are 
generated by {xs)seJ^\L and {xs)seJ^\L the result follows. 
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(ii) It follows by part (i) and Lemma lOI 

(iii) We fix e > 0. If (e„)„ is not equivalent to the usual basis of £^ then there exist 
n G N and a[, . . . ,a'^ G M such that X^ILi ~ ^ ^^'^ II ^"=1 '^i^^ll < ^- Setting 
a.i — and a„+i — —a[/2, for all 1 < i < n, we have X]i=i = ^-iid therefore, 

< £. Since X^^^i |ai| = 1, (e„)„ is also not equivalent 



= II ESi Oie 
to the usual basis of 



E2n 



□ 



Theorem 6.12. Let X be a Banach space, J- be a regular thin family and L G [N]°°. 
Let {xs)sgj^\l be an J- -subsequence in X generating a non trivial J- -spreading model 
(e„)„. Also assume that {xs)sgj^\l is subordinated and let xq be the weak-limit of 
{xs)seJ^\L- Finally, let x'^ = Xs — Xq, for every s £ J- \ L. If xq =^ then exactly 
one of the following holds. 

(i) The sequence (e„)„ as well as every spreading model of {x'g)s:Ej^\L is equiv- 
alent to the usual basis ofi^. 

(ii) The sequence (e„)„ is singular and if Cn = ejj+e is its natural decomposition 
then \\e\\ — \\xq\\ and (e^)„ is the unique (up to isometry) J- -spreading model 
of {x's)s€r\L- 

Proof. Let (e„)„ be an J^-spreading model of {x'g)seT\L- By passing to an infinite 
subset of L if it is necessary we may assume that {x'g)s£j^\L generates (e„)„ as an 
J^-spreading model. 

If (en)n is equivalent to the usual basis of £^ then by Lemma 16.111 we have that 
the same holds for (e„)n and hence (i) is satisfied. Otherwise, again by Lemma 
16.111 (en)n is also non trivial and not equivalent to the £^-basis. Let us denote by 
II • II* (resp. II ■ II**) the norm of the space generated by (e„)„ (resp. (e„)n). Since 
{sn)n is non trivial, we have that ||e„||** > and therefore (by passing to a final 
segment of L if it is necessary) we may assume that {x'g)s<£j^\L is seminormalized. 
It is also easy to see that {x'g)s£T\M is subordinated and weakly null. Therefore by 
Theorem 16.91 (en)„ is 1-unconditional. Moreover, since (e„)n is not equivalent to 
the usual basis of by Proposition l6.2l (ii). we conclude that (e„)„ is norm Cesaro 
summable to zero. Hence, by part (i) of Lemma 16.111 we have 



(48) 



lim 



I 1 " 

-E 



1 



^] 

n 

1 J=n+l 



2n 

E 



~ lim — 



2n 

E ' 

j=n+l 



0. 



For every n G 
Since x 



choose a sequence (s")"^j^ G Plm„(J^ |" L) such that mins" > L(r 



(49) 



xq — x'g, for every s ^ T \ L, we have 



lim 



1 

xo a^s 



— lim — 



= lim — 



= 0. 



Therefore 



(50) 



lim 



1 " 

-E' 



= lim 



■E^ 

i=i 



= Uncoil > 0. 



By (|48|) and ((50| . we get that (e„)„ is not Schauder basic, i.e. it is singular. Let 
e„ = + e be the natural decomposition of (e„)„. By ([50| and the fact that (e^)„ 
is Cesaro summable to zero, we have that ||e|| = ||a;o||. To complete the proof it 
remains to show that (e„)„ and (e^)„ are isometrically equivalent. By Lemma [6. 101 
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it suffices to show that 
(51) 



for every n e N and Ai, . . . A„ £ M with X]"=i Ai = 0. Indeed, fix n G N and 
Ai, . . . A„ G M with = 0- For each k eN choose (4)j=i ^ Plm„(-7^ \ L) 



and the proof is complete. 



□ 



6.3.3. Weakly relatively compact J- -sequences. Let X be a Banach space and ^ < 
uji. By SM^^'^{X) we wiU denote the set of aU spreading sequences (e„)„ such 
that there exists a weakly relatively compact subset W oi X which admits (e„)„ 
as a ^-spreading model. We also set 

SM^'^'iX) ^ \J SM^^'^iX). 

Hence (e„)„ G SM'^^'^{X) if and only if there exists an J"-sequence {xs)sej' such 
that {xs ■ s G J-} is a weakly compact subset of X and for some L G [N]°°, 
{xs)s£j'\L generates (e„)„ as an J^-spreading model. The J"-sequences with weakly 
relatively compact range will be called weakly relatively compact ("wrc" in short). 
The following proposition says that every wrc J-"-sequence always contains a subor- 
dinated subsequence. 

Proposition 6.13. Let X be a Banach space, J- be a regular thin family and 
{Xs)seJ^ be a weakly relatively compact J- -sequence in X. Then for every M G [N]°° 
there exists L G [Af]°° such that the J- -subsequence (xs)seJ^\L *s subordinated with 
respect to the weak topology. 

Proof. Let M G [N]°°. Since the weak topology on every separable weakly compact 

w 

subset of a Banach space is metrizable, we have that {xg '■ s G J-} is compact 
metrizable. By Theorem 15.101 the result follows. □ 

Proposition 6.14. Let X be a Banach space, ^ < ui and (e„)„ G 
Then for every regular thin family Q with o{Q) > ^ there exist a weakly relatively 
compact Q-sequence {wt)teg ^'^ AT and L G [N]°° such that {wt)teg\L is subordi- 
nated with respect to the weak topology and generates (e„)„ as a Q- spreading model. 
Consequently SM'^''\X) C SM'^''\X), for every 1 < C < C < ^^i- 

Proof. Since (e„)„ G SM'^''''^{X) there exists a weakly relatively compact subset 
A oi X such that A admits (e„)„ as a ^-spreading model. Hence there exists a 
regular thin family F of order f , an J^-sequence (xs)sgjr in A and M G [N]°° such 
that {xs)s<^F\M generates (e„)„ as an J^-spreading model. By Lemma [4.61 there 
exist a t/-sequence {wtjt^g and N G [N]°° such that {wt)t£Q\N generates (e„)„ 
as a ^-spreading model and moreover {wt : i G 5} C {xs ■ s G T} C A. Hence 
{wt)t£g is a weakly relatively compact ^/-sequence. By Proposition [6TT3] there exists 
L G [N]°° such that {■wt)t^g\L is subordinated with respect to the weak topology. 
Clearly {wt)t<^g\L also generates (e„)„ as a ^/-spreading model and the proof is 
complete. □ 
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Proposition 16. 141 implies that every (e„)„ in SJ^^^'^'{X) is generated by a subor- 
dinated J^-subsequence. Hence, by Theorems 16.91 and 16.121 we obtain the foUowing. 

Corollary 6.15. Let X be a Banach space, J- be a regular thin family and {xs)s(£j^ 
be a weakly relatively compact J- -sequence. Let (e„)„ be a spreading sequence and 
assume that {xa)s&T admits (e„)„ as an T-spreading model. Then exactly one of 
the following holds: 

(i) The sequence (e„)„ is trivial. 

(ii) The sequence (e„)„ is singular. Ln this case there exist L £ [N]°° and 
xq £ X such that if Cn — e'^-\- e is the natural decomposition of (e„)„ then 
the J- -subsequence {x'^)seJ^\L, defined by x'^ — Xg — Xq for all s £ J- \ L, 
generates the sequence (e^)„ as an J- -spreading model and \\xq\\ — \\e\\. 

(iii) The sequence (e„)„ is Schauder basic. In this case (e„)„ is unconditional. 

6.4. J^-sequences generating singular spreading models. Let X be a Banach 
space and be a sequence in X which generates a singular spreading model 

(e„)„ and let e„ = ej^ + e be the natural decomposition of (e„)„. It can be shown 
that there exists x £ X \ {0} such that ||a;|| = ||e|| and setting = a;„ — x, (e^)„ is 
the unique spreading model of {x'^)n- In the following we will present an extension 
of this fact for J^-sequences in a Banach space X. We start with the next lemma. 

Lemma 6.16. Let J- be a regular thin family, M £ [N]°° and (xs)sgj^ be an T- 
sequence in a Banach space X such that {xs)sgj^\m generates a singular J^- spreading 
model (e„)„. Then there exists L G [M]°° satisfying the next property. 
For every e > there exists mo G N such that 



(52) IL^a; 

f-j -* TYI ^^^^^ 



n — ' m 



for every n,m > niQ and {sj)'j^i, {tjYp^-^ G Plm{T \ L) with si(l) > L[n) and 
<i(l) > L(m). 

Proof. Initially we notice that a weaker version of the lemma holds true, that is 
for every e > there exists fcg G N such that for every n,m > fco and every 
(sj)''^r e Plm(-F \ M) with si(l) > M{n + m), we have 



(53) lbE^«.--E^^"+. 



n ^ — ' m 



< e. 



Indeed, let e > 0. Since (e„)„ is singular, it is weakly convergent to some e and 
moreover setting = e„ — e, the sequence (e^)„ is Cesaro summable to zero. Hence 



we may choose uq £ H such that 
every n,m > no, we have 



i ^"^j^ < e/4, for all n > no- Hence for 



(54) ||i^e.--^e„+. = 11 i ^ e', _ 1 ^ e^,,, < e/2 



n — ' TO 



i—\ i— 1 i—\ i—1 



Since {xs)seJ^\M generates (e„)„ as an J^-spreading model we can find ko > no such 
that for every n,m>ko and every (sj)"Jr" G Plm(J' \ M) with si(l) > M{n + m) 
equation ([53|) is satisfied. 
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Let {ek)k be a sequence of positive real numbers such that Sk < +00. By the 
above we can choose an increasing sequence {nk)k in N such that for every fc G N, 
n,m>nk and (sj)"+™ € Plm{T \ M) with si(l) > M [n + m), it holds that 



n '■ — ' m 



We may also assume that T is very large in M and 2nk < nk+i, for every fc G N. 

We set L = {M{2nk + Uk+i) : fc G N} and we shall show that L satisfies the 
conclusion of the lemma. To this end we shall use an appropriate map sending each 
s G I" L to a plegma family in \ M. First, for every s [ L and p = 1, ...,\s\, 
let k(s{p)) be the unique positive integer k satisfying s{p) = Lik) = M{2nk+nk+i). 
We define $ : f L ^ Plm(J^ \ M) as follows. For every s G f L, we assign 
the nfc(s(i))-tuple $(s) ~ where u| is the unique element of J- \ M, 

satisfying 

(56) w| □ {M{2nk(s(p)) + nk(s{p))+i - "-fc(s(i)) + j) ■ P ^ 

The existence of Vj , j — 1, rtfc(s(i)), follows easily from the fact that J- is regular 
thin and very large in M . 

Below we state some useful properties of Their verification is straightforward. 

(PI) For every s € T \ L, $(s) G PlmnJJ" \ M), v{{l) > M{nk + Uk+i) and 

= s, where k = fc(s(l)), 
(P2) for every (si,S2) G Plm2(J-' \ L), the concatenation $(si)'^<i>(s2) belongs 
to Plm(jr \ M). 

We are now ready to prove that L is actually the desired set. Fix a positive integer 
k and let us denote by s the unique element oi J- \ L such that s C {L{i) : i > k}. 
Notice that s(l) = L{k) — M{2nk + nk+i) and therefore k{s{l)) ~ k. Also let 
ruk = maxjn;;, k + \s\ + 1}. We claim that 



life ^ m 

(57) — x^s xt . 



k+\s\ 



Uk ^ — ' m 

J = l J = l l=k 

for every m > nik and (ij)™^i ^ J' \ L with ti(l) > L{m). 

Indeed, let m > nik and {tj)"Li E J- \ L with ti(l) > L{m). Notice that 
maxs = L{k + \s\ — 1) < L{m) < ti(l) = minii. Hence, by Theorem 13.91 there 
exists a plegma path {wi)\'Lq in |" L from wq — s to wi^ = ti of length Iq = \s\. 
Notice that k(wi{l)) > k + I which implies that nk{wi{i)) ^ nk+i and therefore 
(w™', . . . is a subfamily of $(w;). Thus, by properties (PI) and (P2) above, 

we have that (v™' , . . . , -y^^^^ , . . . , Wn^iJiJ^i) is a plegma family in J" f L of 

length Uk+i+nk+i+i with -d™'(1) > M{nk(w^(i))+nk(n,i(i)+i)) > M{nk+i+nk+i+i)- 
Hence by ([55)1 we get 



(58) 



— ^x- — ^ 



rik+i ^ Tik+i+i ^ 



for every Z = 0, Zo ~ 1- Thus, 
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Similarly, since m > A:+|s| = A;+|Zo| we have that rim. > ?^fe+|s|- Also since 
<i(l) > L{m) — AI{2nm + rim+i) we have that fc(ii(l)) > m. Hence rifc(ti(i)) > 
n-m > which implies that (^v^^ , ...,vll^^^^^) is a proper subfamily of 

Therefore, ...,vl^^^^^^,ti, ...,tm) is a plegma family in |" i. Moreover ti(l) > 
M{2nm + nm+i) > M{nk^\s\ + m) and so again by ([55l) . we have 

(60) ^ g S--;^E-*.| <-'=+NI- 

Now dSZl) follows by (P)) and ([501). 

Finally, by (j57p and a triangle inequality we obtain that 

(61) ||-E^^.--E^*.||<^5I='' 

for every fc G N, n,m > nik and (sj)"^j^, {tj)"Li e Plm(J^ f i) with si(l) > i(n) 
and ti(l) > L{m). Since < +oo the proof is complete. □ 

Theorem 6.17. Let J' be a regular thin family, M e [N]°° and {Xs)sgJ' be an T- 
sequence in a Banach space X such that {xs)sgj^\m generates a singular T- spreading 
model (e„)„. Let e„ = + e be the natural decomposition of (e„)„. Then there 
exist X ^ X with \\x\\ — ||e||, and L G [M]°° such that setting x'^ — Xg — x the 
F -subsequence (x'^)seJ^\L admits (e^)„ as a unique (up to isometry) F-spreading 
model. 

Proof. We start by determining the element x ^ X. Let L G [A/]°° satisfying 
Lemma [6. 161 For every fc G N we set 



1 " 

I - ^ Xs. : (si)"=i e Plm( J" f L) and si (1) > n > /c| . 



Clearly the sequence (Afc)^ is decreasing and by Lemma 16.161 diam(ylfe) — > 0. 
Therefore there exists a unique x & X such that H^^-^Ak = {x}. 

We continue to show that ||e|| = ||a;||. Notice that by the choice of a;, we have 
that for every e > there exists no G N such that for all n > no 



(62) 



n ^ 



< £. 



For each n G N we pick (sf)f=i G Plm(J" \ L), with (1) > L(n) 
have 



By dSll), we 



(63) 



II 1 " 
lim — / : 
" II n ^ — ' 



0. 



Also, since {xs)s&t\l generates (e„)„ as an J^-spreading model, we get 



(64) 



lim 



Exs^ - - ( 



1=1 



0. 



Moreover, since (eJJ„ is Cesaro summable to zero, we have 
(65) lim ^'=1''' 



= 0. 
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Hence, 



lim 1 1 — 



II 1 

lim — / Xs 



1=1 1=1 

We proceed now to show that (e^)„ is the unique J^-spreading model of {x'g)s£j^\L, 
where x'^ = Xs — x, s € T \ L. Let N £ such that (a;^)sgjrfAr generates an 

J^-spreading model (e„)„. We will show that (en)n is isometric to (e^)„. Since, 



1 



1 



(66) 

a 

i=i i=i 

for every n G N, by (|62|) we conclude that (e„)ri is Cesaro sunimable to zero. Hence 
by Lemma [6. 101 it suffices to show that 



(67) 



1=1 



for every n G N and Ai, . . . A„ G M with J2"=i ^i = 0. Indeed, let n G N and 
Ai, . . . A„ G M with J2^=i Ai = 0. Also let ((s^)"^i)fe be a sequence in Plm„(J' \ L) 
such that limfe_j.oo ^li^) = +oo. Then 



i=l 



\,e, 



= lim 

A;— ^oo 



E Ai^;^^ 



= lim 

k^OQ I 



i=l 



A,; 



HlEA.^ 



and the proof is complete. 



□ 



We close by a strengthening of Theorem 16.171 for Banach spaces with separable 
dual. We will need the following lemma. 

Lemma 6.18. Let J- be a regular thin family and (jjs)s(£j^ be an J- -sequence in a 
Banach space X . Let L G and suppose that for every £ > and iV G [L]°° 

there exist A; G N, Ai, . . . , A^ > and {sj)^^i G Plm{J- \ N) such that X]^=i = 1 
and II X]^=i ^jVsj II < ^- Then for every x* G X* . e > and N G [L]°° there exists 
M G [7V]°° such that \x*{ys)\ <e for every s e T \ M . 

Proof Let X* G X*, e > and TV G [L]°°. By Proposition [lH there exists M G 
[N]°° such that exactly one of the following holds, (a) |x*(?/s)| < e, for every 
s G J" I" M, or (b) x*{ys) > e, for every s G J" f Af, or (c) x*{ys) < for 
every s G -F f M. It suffices to show that cases (b) and (c) cannot occur. Indeed, 
suppose (b) holds true (the proof for case (c) is similar). By our assumption there 
exist fc G N, Ai, . . . , Afc > and {sj)j^-^ G Plm(J' \ M) such that Y!j^i \j = 1 and 

II Ei=i ^jVsj II < £■ But then 



(68) 



e > 



k 

E 



> X 



which is a contradiction. 



□ 



Corollary 6.19. Let X be a Banach space with separable dual. Let J- be a regular 
thin family, {xs)s<£j^ be an J-'-sequence in X and M G [N]°° such that {xs)s^f\m 
generates a singular T -spreading model (e„)„. Let e„ = e'^ -\- e be the natural 
decomposition of (e„)„. Then there exist x G X with \\x\\ ~ Hell* and N G [A/]°° 
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such that setting {x'g)sej=-\N is weakly null and admits (eJJ„ as a unique 

(up to isometry) J- -spreading model. 

Proof. By Theorem [CTfl there exist x e X with ||a;|| = ||e||, and L £ [M]°° such 
that (a;^)sgjrfL admits (e^)„ as a miique J^-spreading modcL By applying Lemma 
16.181 (for Xs in place of ys) and a standard diagonalization for a countable dense 
subset of X* we may choose N G [L]°° such that the J^-subsequence {x'g)seJ^\N is 
in addition weakly null. □ 
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